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Information is not Quantum, 
Information is Classical
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انریکو فرمی خطاب به یکی از همکارانش: 
« می دانی، جانی می توانست ده برابر سریع تر از من محاسبه ذهنی انجام دهد و 

من می توانم ده برابر سریع تر از تو محاسبه ذهنی انجام دهم. 
حالا می توانی بفهمی که جانی چقدر شگفت انگیز بود.

یوجین ویگنر: در باره قوای ذهنی فون نویمان احساس می کردی که با یک ماشین فوق العاده 
کامل روبرو هستی  که همه اجزایش با دقت یک هزارم اینچ در حال کار کردن اند.

هانس بته: من بعضی وقت ها فکر می کنم که مغزی مثل مغز فون نویمان احتمالا
 نشان دهنده این است که او به گونه ای فراتر از انسان تعلق داشته است.



Von Neumann Entropy and its Properties



S(ρ) = − Tr(ρ log ρ)

میزان فشرده سازی اطلاعات ظرفیت کانال کوانتومی

میزان درهم تنیدگی



S(ρ) = − Tr(ρ log ρ)

S(ρ) = − [(
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2
)log(
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2
)log(
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S(ρ) = − ∑
i

λi log λi



Sα(ρ) =
log (Tr ρα)

1 − α
Renyi Entropy



Sα(ρ) =
log (Tr ρα)

1 − α

Renyi Entropy



Properties of von-Neumann Entropy

S(ρ) = S(UρU†)

S( |ψ⟩⟨ψ | ) = 0

S(
I
d

) = log2 d



S(ρ∥σ) := Tr(ρ log ρ − ρ log σ)

Relative Entropy

S(ρ∥σ) ≠ S(σ∥ρ)



ρ σ

S(ρ∥σ) ≥ 0

Klein Inequality

S(ρ∥σ) = 0 if ρ = σ

Relative entropy is a distance.



Entangled States

SEP

Separable States

ρ
AB

E(ρ
AB

) = min S(ρ
AB

∥σsep)



Another version:

⟨log ρ⟩ρ ≥ ⟨log σ⟩ρ



Idea of the proof:

Expand log σ in the basis of ρ and use the convexity of log .



نتیجه یک:

Proof:

0 ≤ S(ρ) ≤ log2 d

⟨log ρ⟩ρ ≥ ⟨log σ⟩ρ

Take σ =
I
d

.



نتیجه دو:

Proof:

S(ρAB) ≤ S(ρA) + S(ρB)

Take σ = ρA ⊗ ρB

Take ρ = ρAB



نتیجه سه:

Proof:

S(λ1ρ1 + λ2ρ2) ≥ λ1S(ρ1) + λ2S(ρ2)

and use Klein inequality for ρ1 and ρ2

Take σ = λ1ρ1 + λ2ρ2



ρ2
ρ1

S

ρ3

If you want the absolute maximum, go up.
If you want a minimum, go down.

S(λ1ρ1 + ⋯λnρn) ≥ λ1S(ρ1) + ⋯λnS(ρn) .



یک قضیه مهم: در هر کانال کوانتومی، آن حالت ورودی 
که آنتروپی خروجی را می نیمم می کند،

 یک حالت خالص است.

Idea of the proof:

Decompose the output state and use the concavity of the entropy.



نتیجه چهار: در اثر اندازه گیری آنتروپی همیشه زیاد می شود.

Xρ
x1

xn

S(ρ) ≤ H(X)



Idea of the proof:

Xρ ρ
D

ρ
D

= diagonal matrix in a given basis

Use Klein inequality with σ = ρD



Quantum Channel

ρ σ

ℰ

S(σ) ≥ S(ρ) ?

آیا یک کانال آنتروپی حالت ها را افزایش می دهد؟



Quantum Channel

ρ σ

ℰ

S(σ) ≤ S(ρ)

ℰ(ρ) = Tr(ρ) |ϕ0⟩⟨ϕ0 |

نه الزاما: مثال نقض.



H =

1 1 1 1 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

Classical Analog



S(ℰ(ρ)∥ℰ(σ)) ≤ S(ρ∥σ)

Quantum Channel

ρ

σ

ℰ

ρ

σ

آیا (آنتروپی نسبی) حالت ها پس از عبور از کانال کاهش می یابد؟ 

بله: 



Idea of the proof:



H(X, Y ) ≥ H(X) , H(Y )

H(X, Y ) ≤ H(X) + H(Y )

But

H(Y |X) ≥ 0

Classical Sub-additivity



S(ρAB) ≤ S(ρA) + S(ρB)

Quantum Sub-additivity

S(ρAB) ≱ S(ρA) , S(ρB)

But

با این وجود!



S(ρAB) ≥ ∣ S(ρA) − S(ρB) ∣

Araki-Lieb Inequality

When the two sides are equal?



p1S(σ1) + p2S(ρ2) ≤ S(p1σ1 + p2σ2)

Entropy of Mixing

S(p1σ1 + p2σ2) − p1S(σ1) + p2S(ρ2) ≤ H(p1, p2)

S(p1 |ψ1⟩⟨ψ1 | + p2 |ψ2⟩⟨ψ2 | ) ≤ H(p1, p2)

When the two sides are equal?



∑
i

piS(σi) ≤ S(∑
i

piσi) ≤ H({pi}) + ∑
i

piS(σi)

p1S(σ1) + p2S(ρ2) ≤ S(p1σ1 + p2σ2)



H(X |Y, Z) ≤ H(X |Y )

S(A |B, C) ≤ S(A |B)

S(A, B, C) − S(B, C) ≤ S(A, B) − S(B)

Strong Sub-Additivity

Classical

Quantum



Idea of the proof:



Strong Sub-Additivity

S(AB) ≤ S(A) + S(B)



Strong Sub-Additivity

S(AB) ≤ S(A) + S(B)

S(A) + S(B) ≤ S(A, C) + S(B, C)



Strong Sub-Additivity

S(AB) ≤ S(A) + S(B)

S(A) + S(B) ≤ S(A, C) + S(B, C)

I(A : B) ≤ I(A : B, C)



Strong Sub-Additivity

S(AB) ≤ S(A) + S(B)

S(A) + S(B) ≤ S(A, C) + S(B, C)

I(A : B) ≤ I(A : B, C)

I(A : ℰB) ≤ I(A : B)



Compression of Quantum Information



فشرده سازی اطلاعات کوانتومی

A                0
B                10
C                110
D                111

A B C D
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H(X) = − ∑
i

Pi log Pi



فشرده سازی اطلاعات کوانتومی
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|ϕ1⟩

|ϕ2⟩

|ϕ3⟩

|ϕ4⟩
|ϕ1⟩ |ϕ2⟩ |ϕ3⟩ |ϕ4⟩

|0⟩

|10⟩

|110⟩

|111⟩

S(ρ) = 1.75 qubits



فشرده سازی اطلاعات کوانتومی
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|ϕ1⟩

|ϕ2⟩

|ϕ3⟩

|ϕ4⟩
|ϕ1⟩ |ϕ2⟩ |ϕ3⟩ |ϕ4⟩

ρ = ∑
i

pi |ϕi⟩⟨ϕi |

S(ρ) = − Tr(ρ log ρ) = 1.5



……

100 states 200 qubits

100 states 150 qubits

S(ρ) = − Tr(ρ log ρ) = 1.5



Compression of Quantum Information

Compression of Quantum States

|Φ1⟩ = |000101011110⟩

|Φ2⟩ = |011101000110⟩

|Φn⟩ = |100011000111⟩



Compression of Quantum Information

A simple example

|Φ1⟩ = |000 + 0 + 0 + + + +0⟩

|Φ2⟩ = |0 + + + 0 + 000 + +0⟩

|Φn⟩ = | + 000 + +000 + + + ⟩

p(0) =
1
2

, p( + ) =
1
2 ρ =

1
2

|0⟩⟨0 | +
1
2

| + ⟩⟨ + |



ρ(M) = ρ⊗M

ρ =
1
4 (3 1

1 1)

λ0 = cos2 π
8

λ1 = sin2 π
8

|0⟩ = (
cos π

8

sin π
8

) |1⟩ = (
−sin π

8

cos π
8

)



A very simple strategy

|a, b, λ⟩

Alice
Bob

|a, b⟩

|λ⟩

|a, b⟩

|a, b, c⟩

Noiseless ChannelTruncation

The maximum eigenvalue of  ρ

F = 0.853



Problem:

ثابت کنید که در این حالت تشابه متوسط برابر است با:
0.853



Λtyp ≡ Λ0 = Span{ |000⟩, |001⟩, |010⟩, |100⟩}

Schumacher Compression

Typical Subspace

Λ⊥
typ ≡ Λ1 = Span{ |111⟩, |110⟩, |101⟩, |011⟩}

{E0 , E1}

F = 0.9419



E0, E1
|Φ0⟩

|Φ1⟩

U |ϕ0⟩ |ϕ0⟩ U−1

|Φ0⟩

Noiseless Channel

Alice Bob

|a, b, c⟩



|Φ0⟩ =
E0 |Φ⟩

⟨Φ |E0 |Φ⟩

P(0) = ⟨Φ |E0 |Φ⟩

ρB = p(0) |Φ0⟩⟨Φ0 | + p(1)( |λ0⟩⟨λ0 | )⊗3

ρB = E0 |Φ⟩⟨Φ |E0 + (1 − ⟨Φ |E0 |Φ⟩) ( |λ0⟩⟨λ0 | )⊗3



Compression of Quantum Information

The general case

|Φx⟩ = |ϕx1
, ϕx2

, ϕx3
, ⋯⋯ , ϕxM

⟩

ρ = ∑
x

px |ϕx⟩⟨ϕx |ρ(M) = ∑
x

Px |Φx⟩⟨Φx |

Px = px1
px2

px3
⋯pxM

ρ(M) = ρ⊗M



Λtyp = Span{ |s1, s2, ⋯sM⟩, M0 = Mλ0, M1 = Mλ1}

dim(Λtyp) = ( M
Mλ0) = 2MS(ρ)

Typical Subspace

E0 = ∑
v∈Λ0

|v⟩⟨v | E1 = I − E0



⇤0
<latexit sha1_base64="iruEh4DRMXT3v8biwUoam+70MS4=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy5cVLAPmA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NEyU4S2ieRS9UKsKWeCtg0znPZSRXESctoNx7czv/tElWZSPJpJSoMEDwWLGcHGSn7/3kYjPMjd6aBac+vuHGiVeAWpQYHWoPrVjyTJEioM4Vhr33NTE+RYGUY4nVb6maYpJmM8pL6lAidUB/l85Sk6s0qEYqnsEwbN1d8TOU60niShTSbYjPSyNxP/8/zMxNdBzkSaGSrI4qM448hINLsfRUxRYvjEEkwUs7siMsIKE2NbqtgSvOWTV0mnUfcu6o2Hy1rzpqijDCdwCufgwRU04Q5a0AYCEp7hFd4c47w4787HIlpyiplj+APn8wf+MJEQ</latexit>

dim(V) = dM = 2M log2 d

dim(Λ0) ≈ 2MS(ρ)

{E0 , E1}



|Φ⟩

E0, E1
|Φ0⟩

|Φ1⟩

U |ϕ0⟩ |ϕ0⟩ U−1

⊗
|v⟩

|Φ0⟩

Noiseless Channel

Alice Bob



|Φ0⟩ =
E0 |Φ⟩

⟨Φ |E0 |Φ⟩

P(0) = ⟨Φ |E0 |Φ⟩

ρB = p(0) |Φ0⟩⟨Φ0 | + p(1)( |λ0⟩⟨λ0 | )⊗n

ρB = E0 |Φ⟩⟨Φ |E0 + (1 − ⟨Φ |E0 |Φ⟩) ( |λ0⟩⟨λ0 | )⊗n



Alice Bob

Qubit Channel

Qubit Channel

|�xi
<latexit sha1_base64="Dz0VB1rLjVtuqAiZKTt206IP13M=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1LLZTtqlm03Y3agl9n948aCIV/+LN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJrUm/eoNI/lrRkl2IloX/KQM2qsdffk1wa8++grKvsCu6WyW3GnIovg5VCGXLVu6cvvxSyNUBomqNZtz01MJ6PKcCZwXPRTjQllQ9rHtkVJI9SdbHr1mBxbp0fCWNknDZm6vycyGmk9igLbGVEz0PO1iflfrZ2a8KKTcZmkBiWbLQpTQUxMJhGQHlfIjBhZoExxeythA6ooMzaoog3Bm//yIjROK57lm7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXenAfnxXl3PmatS04+cwB/5Hz+AMOskqs=</latexit><latexit sha1_base64="Dz0VB1rLjVtuqAiZKTt206IP13M=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1LLZTtqlm03Y3agl9n948aCIV/+LN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJrUm/eoNI/lrRkl2IloX/KQM2qsdffk1wa8++grKvsCu6WyW3GnIovg5VCGXLVu6cvvxSyNUBomqNZtz01MJ6PKcCZwXPRTjQllQ9rHtkVJI9SdbHr1mBxbp0fCWNknDZm6vycyGmk9igLbGVEz0PO1iflfrZ2a8KKTcZmkBiWbLQpTQUxMJhGQHlfIjBhZoExxeythA6ooMzaoog3Bm//yIjROK57lm7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXenAfnxXl3PmatS04+cwB/5Hz+AMOskqs=</latexit><latexit sha1_base64="Dz0VB1rLjVtuqAiZKTt206IP13M=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1LLZTtqlm03Y3agl9n948aCIV/+LN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJrUm/eoNI/lrRkl2IloX/KQM2qsdffk1wa8++grKvsCu6WyW3GnIovg5VCGXLVu6cvvxSyNUBomqNZtz01MJ6PKcCZwXPRTjQllQ9rHtkVJI9SdbHr1mBxbp0fCWNknDZm6vycyGmk9igLbGVEz0PO1iflfrZ2a8KKTcZmkBiWbLQpTQUxMJhGQHlfIjBhZoExxeythA6ooMzaoog3Bm//yIjROK57lm7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXenAfnxXl3PmatS04+cwB/5Hz+AMOskqs=</latexit><latexit sha1_base64="Dz0VB1rLjVtuqAiZKTt206IP13M=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1LLZTtqlm03Y3agl9n948aCIV/+LN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJrUm/eoNI/lrRkl2IloX/KQM2qsdffk1wa8++grKvsCu6WyW3GnIovg5VCGXLVu6cvvxSyNUBomqNZtz01MJ6PKcCZwXPRTjQllQ9rHtkVJI9SdbHr1mBxbp0fCWNknDZm6vycyGmk9igLbGVEz0PO1iflfrZ2a8KKTcZmkBiWbLQpTQUxMJhGQHlfIjBhZoExxeythA6ooMzaoog3Bm//yIjROK57lm7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXenAfnxXl3PmatS04+cwB/5Hz+AMOskqs=</latexit>

M-qubits 

1
<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit>

2
<latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit>

3
<latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit>

MS(ρ)



Question: Can we use von-Neumann entropy 
for compression of mixed states?

ρx = ρx1
⊗ ρx2

⊗ ρx2
⋯⋯ ρxM

ρ(M) = ρ⊗M ρ = ∑
x

pxρx

Compression of mixed states?



Answer: NO.

σ ⊗ σ ⊗ σ ⊗ σ⋯ ⊗ σ

σ ⊗ σ ⊗ σ ⊗ σ⋯ ⊗ σ

σ ⊗ σ ⊗ σ ⊗ σ⋯ ⊗ σ

σ ⊗ σ ⊗ σ ⊗ σ⋯ ⊗ σ

Zero Information

S(σ) ≠ 0



Conjecture

Consider the following special cases:

σx1
⊗ σx2

⊗ σx3
⊗ ⋯⋯ ⊗ σxM

|ϕx1
, ϕx2

, ϕx3
, ⋯⋯ , ϕxM

⟩ Pure states

Orthogonal 
mixed states



σx1
⊗ σx2

⊗ σx3
⊗ ⋯⋯ ⊗ σxM

|ϕx1
, ϕx2

, ϕx3
, ⋯⋯ , ϕxM

⟩

χ = S (∑
x

pxσx) − ∑
x

pxS(σx)



ρ = p1σ1 + p2σ2 S(ρ) = ?

ρ = (p1σ1 0
0 p2σ2)

ρ log ρ = (p1σ1 log p1σ1 0
0 p2σ2 log p2σ2)

ρ log ρ = (p1σ1 log p1 0
0 p2σ2 log p2) +(p1σ1 log σ1 0

0 p2σ2 log σ2)



ρ log ρ = (p1σ1 log p1 0
0 p2σ2 log p2) +(p1σ1 log σ1 0

0 p2σ2 log σ2)

S(ρ) = H(p) + p1S(σ1) + p2S(σ2)

H(p) = S(ρ) − p1S(σ1) − p2S(σ2)

χ = S(ρ) − p1S(σ1) − p2S(σ2)



Holevo Quantity

χ = S(∑
x

pxσx) − ∑
x

pxS(σx)



Properties of Holevo Quantity

χ = S(ρAB∥ρA ⊗ ρB)

ρAB = ∑
x

px |x⟩⟨x | ⊗ σx ρA = ∑
x

px |x⟩⟨x | ρB = ∑
x

pxσx



Noiseless Channel

Alice Bob

{px, ρx} {px, ρx} {Ey}

Accessible Information

I(X : Y ) ≤ χ{px, ρx}



Measures of Entanglement





LOCC

E( |ϕ⟩AB) =
1
4

|ϕ⟩AB

|ϕ+⟩AB



|ϕ⟩AB = p |00⟩ + 1 − p |11⟩

|ϕ⟩AB

|ϕ⟩AB

|ϕ⟩A′ AB = p |000⟩ + 1 − p |011⟩

1
2

≤ p ≤ 1



|ϕ⟩AB

|ϕ⟩A′ AB = p |000⟩ + 1 − p |011⟩

UA′ A

|ϕ⟩A′ AB = x |0⟩A′ 
|ϕ+⟩AB + y |1⟩A′ 

|00⟩AB

=
x

2
|0⟩A′ 

( |00⟩ + |11⟩AB) + y |1⟩A′ 
|00⟩AB



|ϕ⟩A′ AB = 2(1 − p) |0⟩A′ 
|ϕ+⟩AB + 2p − 1 |1⟩A′ 

|00⟩AB

|ϕ⟩AB

|ϕ⟩A′ AB = p |000⟩ + 1 − p |011⟩

A
A’

B

𝒫( |ϕ⟩AB ⟶ |ϕ+⟩AB) = 2(1 − p)



|�+i
<latexit sha1_base64="d8RSCFq0OqrDpG1n8En8MM3dUnc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgCCWpgh6LXjxWsB/QpmWznbRLN5uwu1FK7P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrK6tb+Q3C1vbO7t7xf2DhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PRHN1O/+YBSsUjc63GMXkgGggWMEm2k7lMnHrLuWUcSMeDYK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOWlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvn5crdRal6ncWRhyM4hlNw4RKqcAs1qAMFCc/wCm/Wo/VivVsf89aclc0cwh9Ynz9+fZKB</latexit>

|�i
<latexit sha1_base64="jrAal0HYuQmChILR0gry2swJjQQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy203bpZhN2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+H4dua3H1FpHssHM0kwiOhQ8gFn1FjJf/KTEfcVlUOBvXLFrbpzkFXi5aQCORq98pffj1kaoTRMUK27npuYIKPKcCZwWvJTjQllYzrErqWSRqiDbH7zlJxZpU8GsbIlDZmrvycyGmk9iULbGVEz0sveTPzP66ZmcB1kXCapQckWiwapICYmswBInytkRkwsoUxxeythI6ooMzamkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWCQwDO8wpuTOi/Ou/OxaC04+cwx/IHz+QNchZHk</latexit>

|0, 0i
<latexit sha1_base64="lca+pT6b1/66D87z7PllNfC0dAI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY9FLx4r2A9oQ9lsJ+3SzSbsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfzDhBP6IDyUPOqLFS58k9d7uKyoHAXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezkCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H/S5wqZEWNLKFPc3krYkCrKjE2paEPwFl9eJs1qxbuoVO8vy7WbPI4CHMMJnIEHV1CDO6hDAxjE8Ayv8OYY58V5dz7mrStOPnMEf+B8/gCP6JDJ</latexit>

a b c



Example

|Ψ(3)⟩a1b1,a2b2,a3b3
= ( 1 − p |00⟩ + p |11⟩)⊗3

= 1 − p
3
|00,00,00⟩ + 1 − p

2
p ( |00,00,11⟩ + |00,11,00⟩ + |11,00,00⟩)

+ 1 − p p2 ( |11,11,00⟩ + |11,00,11⟩ + |00,11,11⟩) + p3 |11,11,11⟩



Again, Typical Sequences

|Ψ(3)⟩a1a2a3;b1b2b3
=

1 − p
3
|000,000⟩ + 1 − p

2
p ( |001,001⟩ + |010,010⟩ + |100,100⟩)

+ 1 − p p2 ( |110,110⟩ + |101,101⟩ + |011,011⟩) + p3 |111,111⟩



|Ψ0(3)⟩ = |000,000⟩ Pr(0) = (1 − p)3

|Ψ1(3)⟩ =
1

3
( |001,001⟩ + |010,010⟩ + |100,100⟩) Pr(1) = (1 − p)2p

|Ψ2(3)⟩ =
1

3
( |110,110⟩ + |101,101⟩ + |011,011⟩) Pr(2) = (1 − p)p2

|Ψ3(3)⟩ = |111,111⟩ Pr(3) = p3



|Ψk(N)⟩a1a2⋯aN;b1b2⋯bN
=

1

(N
k )

′ 

∑
s1,s2⋯sN=0,1

|s1s2⋯sN; s1s2⋯sN⟩

Pr(k) = (N
k ) × (1 − p)k pN−k



|Ψk(N)⟩a1a2⋯aN;b1b2⋯bN
=

1

(N
k )

′ 

∑
s1,s2⋯sN=0,1

|s1s2⋯sN; s1s2⋯sN⟩

Pr(k) = (N
k ) × (1 − p)k pN−k

Pr(k = Np) = ( N
Np) × (1 − p)NppN(1−p)

Pr(k = Np) ≈ 2NH(p) × 2−NH(p) ≈ 1



|Ψ1(4)⟩ =
1
2 ( |1000,1000⟩ + |0100,0100⟩ + |0010,0010⟩ + |0001,0001⟩)

|1000⟩ ⟶ |00⟩ ⊗ |00⟩

|0100⟩ ⟶ |01⟩ ⊗ |00⟩

|0010⟩ ⟶ |10⟩ ⊗ |00⟩

|0001⟩ ⟶ |11⟩ ⊗ |00⟩

|Ψ1(4)⟩ ⟶ |ϕ+⟩ ⊗ |ϕ+⟩ ⊗ |00⟩ ⊗ |00⟩



|Ψk(N)⟩a1a2⋯aN;b1b2⋯bN
=

1

(N
k )

′ 

∑
s1,s2⋯sN=0,1

|s1s2⋯sN; s1s2⋯sN⟩

|ϕ+⟩ ⊗ |ϕ+⟩ ⊗ |ϕ+⟩⋯⋯⋯ |ϕ+⟩

NS(ρ)

E(ψAB) = S(ρA)



End of part II


