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S[q] :=
∫ t2

t1

L(qi, q̇i, t)dt s8t
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δS

δq
= 0. s9t

4=��" �� 	��" �A�� 4��L� �" η(t) &H�� !� #��
�"� ��� q′(t) = q(t) + η(t) (M� ,�����
=��:��) ���* &�"% !"
e#
��" !���� 	��" η %� B�� !2)���) ����e	��"�[��"�"��" \�� B�� !@�� 8��

0)

S[q + η] − S[q] = 0. s10t
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S[q + η] =
∫ t2

t1

L(qi + ηi, q̇i + η̇i, t)dt

=
∫ t2

t1

[
L(qi, q̇i, t) +

∂L

∂qi
ηi +

∂L

∂q̇i
η̇i

]
dt

= S +
∫ t2

t1

[
∂L

∂qi
ηi +

d

dt
(
∂L

∂q̇i
ηi) − ηi

d

dt
(
∂L

∂qi
)
]

dt

�



= S +
∫ t2

t1

ηi

[
∂L

∂qi
− d

dt
(
∂L

∂qi
)
]

dt s11t
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∂L

∂qi
− d

dt

∂L

∂q̇i
= 0. s12t
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%� 4*� 8��2< ,W���:K 1!�=" ����*��� ,��" �4*� ��"�) D�� !A 7�W���:K !� 4*� &H ���� ���' �� �"��" �� !� �-��*
e��% p"�)

L = T (q, q̇) − V (q1, q2, · · · qN ), s13t

\�� #$�" D�� !" ���=" !� 4*� (
=���� p"�) !" 3�*�� ��"�) V � ����*� �� ��@�� 8��6 ��2�@ ,y��� T &H�� !�
�	�� �� 7

�) �� ����*� &H�� ��@�� 8��6

#���� 7���"��" �#��
: �� ��6 �)���� 8�c�d� &��$ �� !���� #
��) 8�c�d� ����� ���� V ��	
�� �� �� �� ��� �� ����

L =
1
2
m(ẋ2 + ẏ2 + ż2) − V (x, y, z). s14t

e!" 	��� �� �Y�� W���:K � �;��� 8K���� 1,W���:K 7�� ,��"

mẍ = −∂V

∂x
, mÿ = −∂V

∂y
, mz̈ = −∂V

∂z
, s15t

����� ��	 
��� ��� � !" 
���� �#�$% &����4

k



� 4*� &��0- &H ,��)� !CU� !� �-�	��� eO (��

�	��=$ 7)�
� 8K���� &��$ !�

&�	" !;
� �� ,�� &H ,��)� !CU� !� 	$� �� &��� �� B�	��� �� 1O (�� e ����� ����� ���
 � �!"
� �# ����
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$� �� &��� m �" �� &H ,��)� !CU� 3�@ � M �" �� B�	��� 3�@ ���0- �� _��C��
!��H ,��" �4*� #{�' ,��*�� �" B�	��� !���% θ � p@�� !CU� �� �" B�	��� ,��)� !CU� !;��� X &H�� !� #��
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�� �� ���[�*� ];C� 7�� %� #
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x = X + l sin θ, y = −l cos θ, s16t
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���� �

ẋ = Ẋ + l cos θθ̇, ẏ = l sin θθ̇, V = −gl cos θ. s17t

e�" ��" 	$��5 8��2< ,W���:K 7���"��"

L =
1
2
m cosX2 +

1
2
M(Ẋ2 + l2θ̇2 + 2l cos θẊθ̇) + gl cos θ. s18t

V = V (r) #���� �#
$� �� &��� (r, θ, φ) �" �� ��6 8�c�d� 4-�� 7���� ��!�� ����� � ��	
�� $%�� ��� � & ����
e%� 4*� 8��2< ,W���:K 7���"��" . T = 1

2m(ṙ2 + r2θ̇2 + r2 sin2 θφ̇2) �

L =
1
2
m(ṙ2 + r2θ̇2 + r2 sin2 θφ̇2) − V (r). s19t
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L =
1
2
mẋ1

2 +
1
2
ẋ2

2 − 1
2
kx2

1 −
1
2
kx2

2 −
1
2
k(x1 − x2)2. s20t
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e	��H

E = −∇φ − 1
c

∂A
∂t

,

B = ∇× A. s21t
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L =
1
2
mv2 − qφ +

q

c
v ·A. s22t
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d

dt
mv = qE +

q

c
v × B. s23t
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��) !���)�� !���) 4=d� !� 4*� 3%K ,	�2)��� 7�� 
��) ,��"

e��� �� ���)��%

pi :=
∂L

∂q̇i
s24t

����;
��$ �#
��: �� ���	���" ?���� !c�d� 4[@ �� �� (qi, pi) ,�$�
0�� �4=
� ��� �a���- �C5 !���) �" !���) 7��
e��� �� ���)��% 8��� !" ����*�

H :=
N∑

i=1

q̇ipi − L. s25t

#
=��� �� !��� 7�� #L� ,��" �	��=$ �$ pi � �$ qi (U�=� ,�$�
0�� &��;
��$ ,	�" B���� �� !� #
�� 	
��) 	��"

dH =
N∑

i=1

dq̇ipi + q̇idpi − dL =
N∑

i=1

dq̇ipi + q̇idpi − ∂L

∂qi
dqi − ∂L

∂q̇i
dq̇i. s26t

e	��� �� �'�" � 	��� �� ^V� �� ���	�� pi := ∂L
∂q̇i

���� ?���� !���) ���) !" !@�) �" �5H � B�� !;�@ ���

dH =
N∑

i=1

q̇idpi − ∂L

∂qi
dqi = q̇idpi − ṗidqi, s27t

qi �" 	��"��" H r(U�=� ,�$�
0�� Ka �� !� 	$� �� &��� !C"�� 7�� �#�� ���� ���[�*� W���:K~�;��� !-���� %� �5H !;�@�� !�
�a
��E 1pi �

q̇i =
∂H

∂pi
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ṗi = − ∂H

∂qi
. s28t

8��� �� 4��� 8K���� � 	��� �� �	
��� &��;
��$ 8K���� 	��=$�� !@�� (
=���[�� !-���� 2N !� 8K���� 7��
�	��� �� �	
��� ����;
��$ ,	�"

�
*+� 4����
=� &��$ !� 	�$� �� 4*	" ���� (� ��K�" 8K���� (q(t0), p(t0)) ���� !
-�� T���� &��� nd���"
�4*�

#
�� �� 4'� B��* 7�� !" �*�� ,��" ����� (
=���� � ��2�@ ,y��� !" �C"� !A ����;
��$ 8��2< !� #
�� �� B��* B��
e4*���% 8��� !" ,W���:K !�

L(q, q̇) = T (q, q̇) − V (q). s29t

7���"��"

H =
∑

i

q̇i
∂L

∂q̇i
− L =

∑
i

q̇i
∂T

∂q̇i
− (T − V ). s30t
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∑
i

q̇i
∂T

∂q̇i
= 2T

e4��� #
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H = T + V. s31t
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H =
p2

2m
+

1
2
mω2q2. s32t

e%� ��" 	�$��5 8��2< &��;
��$ 8K���� �	��=$ ?���� !c�d� �� p � q

dq

dt
=

p

m
,

dp

dt
= −mω2q. s33t

#���H �� 4*	" !-���� �� 7�� ]
��) �"

d2q

dt2
+ ω2q2 = 0, s34t
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L =
1
2
mv2 − qφ +

q

c
v · A. s35t

e�" ��" 	$��5�"��" xi �" ?���� !���� #
��) !���) 7���"��"

pi =
∂L

∂vi
= mvi +

q

c
Ai, s36t

,����" (�� !" �� �

p = mv +
q

c
A. s37t

7���"��"

v =
p− q

cA
m

, s38t

!Y
�� ���

H = v · p− L = v ·
(
mv +

q

c
A

)
− 1

2
mv2 + qφ − q

c
v ·A s39t

=
1
2
mv2 + qφ. s40t
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H =
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A)2 + qφ. s41t
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{f, g} :=
N∑

i=1

∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi
. s42t
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{f, g} = −{g, f}
{f, g + h} = {f, g} + {f, h}
{f, gh} = {f, g}h + g{f, h}
{{f, g}, h}+ {{g, h}, f}+ {h, {f, g}} = 0. s43t
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{qi, qj} = {pi, pj} = 0 {qi, pj} = δij . s44t
eA(q, p)rp"�) �$ ,��" �	
$� &��� �� ��% T"�� � ��*�� �5%�6�

{qi, A} =
∂A

∂pi
, {pi, A} = −∂A

∂qi
. s45t

��:�$ �#
$� �� &��� (x, y, z, px, py, pz) �" �� �)���� 8�c�d� ����*� �� ��6 �� ,�$ !���) � 8�c�d� �5%�6�
e!� 	
$� &��� 1	���" ,� !���% !���) ,�$ ![-�� Lx, Ly, Lz

{Li, Lj} = εi,j,kLk, s46t
{Li, xj} = εi,j,kxk, s47t
{Li, pj} = εi,j,kpk. s48t

e4�����% (�� !" �� 4��� 8K���� &��) �� &�*H�� !����%� ���[�*��"

dqi

dt
= {qi, H}

dpi

dt
= {pi, H}. s49t
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0) &��) �� 	��" �	� ���)%�� ,�q� ,�� f(q, p, t) (M� s,��V� �	$��� t ��
�� ��:�$
e���H 4*	"��% 8��c"

df

dt
=

∂f

∂t
+

N∑
i=1

∂f

∂qi

dqi

dt
+

∂f

∂pi

dpi

dt

=
∂f

∂t
+ {f, H}, s50t

!��:�	@ ���=" f ��V� �	$��� !� �)����� �#�� ���� ���[�*� &�*H�� !���� ]=��" 4��� 8K���� %� �5H T5�� !�
e��� ����% !C"�� !" (�	2) K�" !C"�� �����Y�� ����*� 4-�� 8��

0) (
-� !"�L�) &H 8��

0)� 	��" !���	� &��% !" ,�

df

dt
= {f, H}. s51t

e	����'�" ��% T"�� � A(r,p) p"�) �$ ,��" !� 	
$� &��� �	��=$ ��6 �� !���) � !c�d� ,�$����" p � r �5%�6�

{p, A} = −∇rA =: −∂A

∂x
x̂ − ∂A

∂y
ŷ − ∂A

∂z
ẑ s52t

{r, A} = ∇pA =:
∂A

∂px
x̂ +

∂A

∂py
ŷ +

∂A

∂pz
ẑ. s53t
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#���� 8��� 7���� �#
�� o�=� (r + a,p) !CU��� #$ ��" �� � (r,p) !CU� �� ��" �� �� A p"�) !� 	
�� j�� B��

A(r + a,p) = A(r,p) + a · ∇rA = A(r,p) − {a · p, A}. s54t

�4*� â !�� ����" 4L@�� &����� B�U��� 	-�� â · p !� #
��: �� �a�+C��
�4*� â �r���" 4L@�� !���) �� B�U��� 	-�� â · r !� #
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���) �� !"��� G��/ !"

!� 	
$� &��� 	��" ,� !���% !���) ����" L = r × p �:� (2' !;|=� &��$�� �5%�6�

{L, A} = −(r ×∇r + p ×∇p)A. s55t
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5�A !� ,�

A(r + θn × r,p + θn× p) = A(r,p) + θn × r · ∇rA + θn × p · ∇pA

= A(r,p) + θn · (r ×∇r + p×∇p)A

= A(r,p) − θn · {L, A}. s56t

!� #���� &��� 7���"��"

A(r + θn × r,p + θn × p) = A(r,p) − θn · {L, A}. s57t
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0) 7���"��" �4*� &��% ����$

dH

dt
= {H , H} = 0, s58t

�4*� &��% ����$ %� ���� ,y��� ,�U" 7���"��" �4*� 4��� 4"�E �� ,y��� &��$ �� H ����
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H(r1, · · · rN ;p1, · · ·pN ) = H(r1 + a, · · · rN + a;p1, · · ·pN ). s59t

B�� !2)�� �) �� 3�� ^�/ � #��
: �� �A�� 4��L� �" �� a ����" 14*����'�" a �r���" �$ ,��" h�� ,��=) !� �Y�H%�
#���H �� 4*	" �#
$� �� T=" a ]=��"

0 = H(r1 + a, · · · rN + a;p1, · · ·pN ) − H(r1, · · · rN ;p1, · · ·pN ) = a ·
N∑

i=1

∇riH
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0) �$ !���) !� 	
�� 4'� �H(r + a,p) = H(r,p) !� 4*���� 7�� !" B�U��� 4F) ����*� �� &��U) e} (��

= −a ·
N∑

i=1

{pi, H} s60t
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{P, H} = 0, s61t

�" (� ,� !���% !���) !� 4*���� 7�� !" &��� �� B�U��� 4F) &��U) 7���"��" �4*� (� !���) P =
∑N

i=1 pi &H�� !�
!� 4*� 7�� !C"�� 7�� !Y
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dP

dt
= {P, H} = 0, s62t
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�4*� p � r !���� &���� p′ � r′ &H�� !� H(r, p) = H(r′, p′) !� 4*���� 7�� !" &���� 4F) ����*� �� &��U) el (��

0 = H(r1 + θn × r1, · · · rN + θn × rN ;p1 + θn× p1, · · ·pN + θn × pN ) − H(r1, · · · rN ;p1, · · ·pN )

= θn̂ · (
∑

i

ri ×∇ri + pi ×∇pi)H

= −θn · {L, H}. s63t
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dL
dt

= {L, H} = 0. s64t
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{qi, pj} = δij {qi, qj} = {pi, pj} = 0 s65t
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√
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f(λx1, λx2, · · ·λxN ) = λnf(x1, x2, · · ·xN ) ∀ λ. s77t

e #���� n !@�� %� 7��$ p"�) �� ,��" ���D�

n∑
i=1

xi
∂f

∂xi
= n f. s78t

�#
$� ���' �� ,��=� �� λ �5H 4*� � #��
�" G��� λ !" 42=� 77 !C"�� 7
��/ %� !� 4*� ���� �F�GH�

�� �1	10 �

&��% !" �F��� ���=" !�t A ��V� �	$����$ ,��" !� #�	�� �#
�� �� ����� �� �
����� (�	2) 	-�� 3�L[� !�
�9 7����
e4*����'�" ��% !C"�� s���	�

dA

dt
= {A, H}. s79t

#���� ���� 8��2< !" �	�� ���

0) !���A A��V� �	$�����	U� 4��� B�/�� !� 	$� �� &��� !C"�� 7��

A(t + ε) = A(t) + ε{A, H}. s80t

�� ,��V� �	$�=��$ !���� B�F) 4*� �	�H K�" T"�� � �� !� ���L[� !" ���% #
���5 �� &��% �� (�	2) 	-�� �� H 7���"��"
���) 	-�� #
���) �� #$ &���� �� B�U��� (M� ���� 8+�	2) ,��" ��H !� #
�� B��* #
���) �� B�� �	$� �� 4*	" &��% ��
���� ��nd�� ������� ���" TU� !� 	��
�"� ��� �� �;�	2) �#
�� �� ���) �;���/ !"�� 	-�� 3�L[� 4=d� ��
5�� #
��
(�<��% 8��� !" �A�� 4��L� �" (�	2) 7�� !� 	
��j�� �#
$� �� &��� ε ���� �" �� ������� 7�� �A�� 4��L� �"��	U�

e	�� ��

(qi, pi) −→ (q′i, p
′
i) = (qi + δεqi, pi + δεpi).

#
��" !���� ��:�$ 4*� (�	2) 7�� 	-�� G p"�) #
��: �� 8��� 7����

δεqi = ε{qi, G} ≡ ε
∂G

∂pi

δεpi = ε{pi, G} ≡ −ε
∂G

∂qi
. s81t

�r 
����� T"�� � � %�� ,�q��� 4*� ,� !CU� &��z�$ (q′i, p
′
i) 8�c�d��" 	�	@ !CU� !� 	��� �� 7
�q) h�� T"�� �

e	��=$ ���'�" {q′i, p′j} = δij

uu
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