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G = K

�� K �'  0 "_ 1�/ % .=
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Friedel’s rule��
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G

= .S� # !�4\ .S� 2 "_ �$ _ HL # .= � 4 ^ �J � . H# & ��= S ��� U
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Ghkl
= .S� # &/� �VX . S/W! 'K �# HYK .S .=

(hkl) @4 ', . N�W> H0 7 .HI JK
Miller indices��
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!6−5 �IK
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��# " % �� �� � 1 # �
(hkl) = (

U ��
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S/ K "_ �� �� H0 '4[ "_ V X S H# U = S NS� 0 �� � �#^ �� �� � 4 . = S �> �% . "A �� � �',= .S S/ ($ O� 1� oZ R 7� � 4 S ^ �� �� o $
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b
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p
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(

a �
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k′

)

×
(

a�
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=

a �
h′
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a �Ghkl
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h
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U
π
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U
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 �

τ = (c hh+
#
c h�) ε,

7
a9��9 �<

ε = (s hh+
#
s h�) τ,

7
b9��9 �<

��. #$ ,g %�� � �" ,G & �
 �

(c hh+
#
c h�) (s hh+

#
s h�) =

B
.

7��9 �<


 �c � @/ � #4 > � $ 
 � L & D � �g j 3 �� % % � � �� % ? �" �- � � ,( ��" � $* #$ 7��9 �< ,! ��> $ " �
6-� �#$ @� � ,& �
 s hh+

#
s h� � c hh+

#
c h�

D%�� E � � �� @& �� " � #4%(� � D%� ��� �� 
 -%�
" � @� � 3
 �45 s

D%�� E � @& �� � c
D%�� E � 1� -$ )%& �� Y� � ,G & �


(c hh− c h�) (s hh− s h�) =
B 7�
9 �<

� �� & εij =
C � � � � ,& εii =

C
, ε hh = −ε�� Z�� ( @! �j � �� & #� & �c $ 3 ��j \$ �& ,(-�* #$ @� � ,& 7�
9 �< � 7��9 �< %(� � " � 6��. #$ ;N �j i 6= j

s hh =
B
�
( B
c hh+

#
c h�

+

#
c hh− c h�

)

,
7
a9� �9 �<

s h� =
B
�
( B
c hh+

#
c h�

−
#

c hh− c h�
)

.
7
b9� �9 �<

)� � � & �� \5 R#.� & � ��Z�� ( � ��Z=� � �� & D%�� E �
 �0 � �� 7��9 �< �� G W ;�. ;%! � ,&
��
 ��

c�� =
B
/s��. 7� �9 �<

f % � #�[� 
 ��U � ��
 � L & )�� � �� $ � #.� ?Z. � ��
 � L & � �� & 7� �9 �< � 7�
9 �< J& �� 

��. #$ )�f ? � �[ � �" 3
 �N ,& 7��9 �< ,! ��>$ 6-=. �& #$ 
 �� W� &

(c hh+ c h�) = siis− h,
c hi = −s his− h, 7� 89 �<

cii = (s hh+ s h�) s− h,
6
c�� = s− h�� ��
 �� �� \5 ,& 6

s = sii (s hh+ s h�) −
#
s�hi �&

� % %� � � � � 
 � ,( #c = � 6@0 % � �� ?  �0  � D%�� E � � � � " � #4> � $ 
 � L & RE �&  
 �H � �S
 ,&

 � #L�. � %%� � � � � 
 � ,( #c =� " � @� � 3� �M�$ R��. #$ ;N �j >�$ 
 �/ $ � ��� �
 
 � #L�.
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�
 #4>� $ 
 � L & D� RA� . )� � � �� b �� � � �� & 6-= = ( �-N #N �K A� . 
 � #�0 � �& #$ #4>� $

 � � @� � ��� ( �-% � Zc ( εxx

�" �-� � ,& � �
x � �� K 1� 
 � / $ � ��� �
 
 � ,( ��� % ? #$ � � � 
 �>� $ x� � x h � ��
 �/ $ � ? � 6@� � �-. ��� c � εyy = −εxx

�" �-� � ,&  * � & �� 5 y ���� �

��
 �� τxx

Z=� � �� & R-=. �& y � x � ��
 �/$ �" �� $

τxx = (c hh− c h�) εxx.
7��9 �<

� � �=�$ R;�. � %%� � 3
 �N  * 
 � R-=K�Q & �X◦ �" �-� � ,& y � x ,& @40 � >� $ � ��
 �/ $ � ? �
3 �M !� $ )� .� � " � 67
9 � ;� . < �� & -� �� K  > � $ � ��
 � / $ 
 � #.� & ;� . � % % � � D � �&
;� . < s� #� �[ ,& �[ 
 ��� & 0 j � & y � x � ��
 � / $ �  > � $ � ��
 � / $ 
 � Z �� ( 
 � 0 � ��-�* #$ @� � ,& � �" 3
 �N ,& Z=� )� �� & �=& 6

ε�i = εxx
,( ��. #$ �-� � #� �� * ,& 7
9 �

τ�i = c��ε�i = c��εxx.
7�:9 �<

�� � %� τxx
Z=� R-. �& a  * 1�� 1�2 ,( #4>�$ 
 � 6�%� �#$  �c � τxx �& �
 τ�i 1 �j

fx = τxxa�/√#. 7��9 �<
" � @� � 3
 �45 x� � ��� �
 
 � � � %� � ��a � 6-=( #$ �
 �� �


f� = τ�ia� = fx/
√#

= τxxa�/#. 7��9 �<
,& �� ?  �0 � D%�� E �
 ���
 )�. �� A� . 7��9 �< �& ,0 � �H $ " � � 7��9 �< � 7�:9 �< �&-�* #$ @� � ,& � �" 3
 �N

#
c�� = c hh− c h�.

7��9 �<

;H�0 $ D%�� E � @& �� � � JH� -. �& �� ?  �0 � D%�� E ��� � " � ,( �-$ �[ RA� . )� � ;%! � ,&-��. #$ �� ��  �c � � �" 3
 �N ,& ,( �
 ��
λ = c h�, µ = c��. 7��9 �<

�� & -� ��K � �" ;�. ,& 7� �9 �< ���  � � �W 3
 �N )� � 
 �
τik = λδik

∑

i

εii +
#
µεik.

7�
9 �<

� 7��. #$ �� ��  �c � E �& f %� #� �? ,( <
Y
� � �� 1� -$ " � ,( @� � ���� $ D%� ��$ #� -=�$ 
 �

ν � RZc( ,& �� �� 
 � ,L%$ D� 1�2 � %%� � )%4$ � � �� 1� -$ 6-==( ���M �� �f % � ν  �� �� � �-5
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 � �
 ��#$ ��Y � ,�0 � �� �
6-�" �� #$ �X◦ ,�� �" >�$ � ��
 �/ $ �& Z=� � �� ��� �
 7

b
< 6@� � >�$ � ��
 �/ $ � ��� �
Z=� �� ?  �0� ���$ D� � �� & 6@� � >�$ � ��
 �/ $ 
 � '� & D� �& �� �=�$ 7

b
< ;�. � %%� �@& �� � )%& � �� ?  �0� ,G & �
 ,& � g =$ A� . )� � 6-. �& #� � @0 � �& #$ @! �j � � � � 
 � ;N �j6��. #$ D%�� E �

@& �� � � µ Rλ Rν RY ��� @& �� 6-=( #$ d%N� � �
 #? -%c ( � & �� 5 � ��� �
 
 � #40 � ! �4H � �
�& #4>�$ ��0 %� D� 
 � sij

D%�� E �

ν =
λ#

(λ+ µ)
= −s h�

s hh , Y =
µ(
#
µ+

�
λ)

µ+ λ
=

B
s hh

7� �9 �<

#0 �� � �$  � 
 �� " � � �,M!� $ ,� � R@� �
s hh P��>$ JH� Y ,( -%=( ,[� � 6-� �� ? #$ )�f ? � �[
�-. �& #�� � � � �  � %0 � � � � ,( -=U� � Rc $ ��� 
 �0 � ��

� ���
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, & @ 4 0 � � �-5 � 6- = . �& # $ BC− h�m�/N � �� � 
 � sij

@ & �� � � BCh�N/m� -j �� 
 � cij
� 4.4� F[ �� $ #� �� K 1� 3 �a �b $ ��Y � � � ,& ;� -4 � � �� & 6-� ��-. 
 � � = $  > � $ � ��
 � / $
���$ ,& � ����$ " � #�
 @� � ;& �W � ��
 � L & @%M %( ;%! � ,& �� �� �� @W � � 
 �4�5 � 6-%=%4 & �
 �

4.5

���" �� �� ,& �� -� � �% � �� � � �� & D % � � E � � �� @ & �� #� �$ � #Y �0 & �� 6-= ( #$ 3� �M � � Y � �
� �� ?  �0  � A� . 6-� �� ? #$ � �@M � �� % ? �c U 
 � 2 ,& )% � �� � �� �$ � 
 � � �� $ )� � 6@� �
,& � �� $ " � �
 �%0 & 6��. #$ ��
 � *� & #� �=��� � �
 �� $ 
 � JH� #c��/(c hh− c h�) =

B RD%�� E �
67-%=( ,�j \$ �
 � K *  � �� < -=�0� �� ?  �0� �� �
 � *g>� �/ �

�� �� s �� s�� s �� c �� c�� c �� �c��
c ��−c ��

K ���� �� �
−

�� � �	�
 �	 �� �	� � �	�
Na � �� �� �

−
�
 � �	 
� �	 �� �	 �� 
	 �

Ta �	�� ��	 �
−
�	 �� ��	
 �	 �� ��	 � �	��

Cr �	 �� �	 �
−

�	 � �� ��	 � ��	 � �	
� �	
 �
Mo �	 � �	 �

−
�	 
� ��	� ��	 � �
	� �	
 �

W �	�� �	��
−

�	
 �� � �	 � ��	 � ��	� �	 �
Fe 
	
 �	 �

−
�	� ��	
 ��	 � ��	 � �	 �

Ir �	 �� �	 � �
−

�	 �
 ��	 � ��	� ��	 � �	�
Ni 
	
 �	 �

−
�	 � ��	 � ��	 � ��	 � �	�

Pd ��	 � ��	 �
−

�	 �� ��	
 
	 �
 �
	� �	�
Pt 
�	 � �� � � �	� �	 �� �	 
�� �	� �	 ��
Cu ��	 � ��	�

−
�	� ��	� 
	� � ��	 � �	 �

Ag ��	 � � �	 

−

�	� ��	 � �	� �	�� �	 �
Au ��	� ��	 �

−
��	
 ��	� �	 � ��	� �	


Al ��	
 ��	 �
−

�	� ��	 � �	� �	� �	 �
C �	 �� �	
 �

−
�	� �
 ��
	� �
	� ��	� �	 � �

Si 
	�� ��	�� �	 �� ��	�
 
	 �� �	� � �	��
Ge �	
� ��	 �

−
�	 �� ��	 � �	
 � �	�� �	 ��

GaAs ��	 � ��	 �
−

�	 �� ��	 � �	 � �	 � �	��
LiF ��	�� ��	 �

−
�	 � ��	 � �	� �	 � �	� �

NaCl ��	 � 
 �	 �
−

�	 �� �	�
 �	 �� �	 �� �	 � �

�& # �� �� � � �� -$� #� � ��� & ,L % �� ,&  �� � # $ �
 
 � L & D � 
 � �- �f ? � �[ 3 �. �> �
 � 8−�
�& #[� $ ,� 0 & ) % = U �� [ f (� $ ,( -% � �  �c � 6� ��  �c � d L �b $ #[� $ � ��
 ��� &

6-=( #$ @(�j vg = dω/dq �� � ? @5� �

�� �N 7+
 f & 
 �%0 & < � �-> � �& �-> &� D� #G K �� %g �" D � � �� & #� % $ �= � � 3E ��> $ �
−�

����� � �& �
  * �_� � ,�.� � �
 7
m #� � �� [ Rf �-=� ��� ?" �& �� � %� Ra #� � ,LN �� <

6-%� �� ;j un(t) = u(a) exp[i(qna− ωt)]6-%=( ,0 � �H$ 7 8�9 �< ,! ��>$ #� � � � �� %g �" �& �
 ;N �j ω(q) #? -=. �� 7a<6��. #$ � MN  � �� � D� ∑N

n= hmu̇n(t) ;( ,� �� � ,( -%� �  �c � 7b<
�� %g �" #� % $ �= � � ,! ��> $ 7

q � a− h< +
 f & � �� �� $ 1� 2 � �� & ,( -%� �  �c � 7c<

 � L% � J0 &

un− h(t) � un+ h(t) Run(t) = u(x = na, t) � �� #� �[ ,& �[ ,( #�W� � �� &
���. #$ ;� -4� D%�� E � � �� $ � ,! ��>$ ,& R-��. �� ��



8�� � � �� � � �� �� ��	� ��� � 	�
� �

� ��
 $ 1� -$  * " � � ��� ( ,0 � �H$ " �
 � ,L%$ D� #��N � �� $ � �& �
 ;N �j ��$ @5�� 7
d
<

c =
√
E/%

3�N @5� � R" �
 � ,L %$ D� � �� & �#� � =� �
 < 6-% =( )%%> � �
 ,� %0 %�� E �
76-. �& #$ #! �YU % � ,�%0 %�� E � 1� -$ E  * 
 � ,( @� �

" �� #GK �� %g �" D� � �� & �
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C  �� $ 
 �M 6= m #$� [ � H � D� �� �� �� �(� � :−�

�� #� �[ ,& �[ � �� & un = u� exp(−κ|n| − iωt) ����� � " � 6-%=( e �0j �
m � �� �� [

�-�
 �� ��[� �-�f ? � �[ 3 �. �>�
 �M " � � ���� -/ $ ,U � �� & 6-%=( ���M�� �
,(
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 � L & D � � �� & �
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 �−�
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 � 6-%� � � %b c � �
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 �H � �̀ � � � �-� & � R#�
 �H � � �� 1E-�� � " � ���M �� �
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 �N ,& �
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	 � �M �� �

qi =
ni

N h/i ��
{

ni = 4, 3, #, . . . , N h/i − 3
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I��N � ��6 � �6�8g � �� �� �&�� , ��� E �� �� ������ 0� $� L �� � )� � ��j �� � � �c � 8  R�� 0� � �� R�& � � �� !K � �� ,� � �� �7 . + �j �� )� L� � � FW ��



55� �� ��	 � � ��� 	�
� �

	 � ( � � � �� 7 � )� / L $�� �� � �7 .+ D � 	 �� � ,� � �� �7 .+ � � q - �g � � � ��H � � 5−� *7+$�+ �� �� ��H!0 �
)� L� �g j � � �� � � H � H j � � f � � ��j �� 0� � �g j �� ���� % FW �� R�+ �(� � � ��9 Zb � � �*7+ # ��� % �� 0��� � G.q ≤ h�G� �� + �� ni
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[5.1] Si ��� �� ( �E �j �� �YU ��−� *7+

Zb � RΘ =
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dq = dfωdq⊥.

��' �� �� � �� dω = |gradqω|dq⊥
D8� ��
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�� � �. �� ,' � �� �� � �!0  	 �!0 � � *�0 � �! 2 � � � � ��� � !7 � ���� !� �8 � � 	 � �!0 0�� 0�� � &� � � � - � �� �� �&�� , ��� 	� �� 0�&� � �� � � $�� 8 � 0���	 � �� � # ��� � !7 � � �� � �� � �� � � � $�� � 
�+ � � � ��� � � � � 	 
�� �� �	 �� 	 � ,� � !7 � � �)� !K � *7 + �� ���� � �� �7 .+ � ,� � !7 � � ���� � �� � & � � � � �0 � �� �� "9� � � �� �$��8 � �� ��� 8� � �- ��� 2 , �7 � �� � � � � � �� � � �� � � � � � 8 � � 	 � �! 0  ,�� � �� ( �! 0 � � � ! 
�� �� &� �� � + �� ���� �0 � �� �� �� �
 0� � � �  �� � ' �8� � �� ( �� � ,� � !7 � � �!� �� � �� � 	 � �� �
� �!0 � � 	 ��!0  *�0 � �! 2 � � � � "�&&� �� � � � � &� � � � � � � �� �� �� # 
� � 34�	 �� �
 	 �� �

adiabatic approximation !
atomic core �
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$"+# �.�� �8� � 	 � �!0 - � 	 ��7.+ � � � � ��� � !7 � � 	 �� � *�0 � �!2 ���� *7+ � 5−� *7+
� �� �� � 0� � �� �� ,� � !7 � � 	� � � � � % � �� 	� � � � - � ��� � - � �� � �� �.6 Evac

	� � � � �� �
��� � � 	 �� � � �� � � 0�� � 
��� $�� � � � � � �� � � �� �� � 
�� � � �� ( � � �� - � �� � � ��K � ��	 ���� .�$� � �� ��� � � �&�� �� � � �� 	 � 
� �� � � �� "−−# ���� � *�0 � �!2 
�� - � �� � �� �.6 �!0 �� 0� �

$�� � �- � �� �0 � *
 	 �� � 	� !� �� 	- �� 
��� 0� �� � �&� $�� � *
 �� �&!�
$��� � % �� � � � � � , ��- - � *� !0 � � �� �& ! � *�0 � �! 2 � � � � � � �� 
��� ,� � !7 � � � � � ��� �8 � ��� � � � � � �& !0  ,� 7 � � � �� K �� ��� � 	 � , �7 � � � �� �� � �!0  - � *�0 � �! 2 0� �� �&&� �� � �!!� � �� � �!0 � �� 	 ���- �
 �� � ,� � !7 � � 0� � $�� � 
�+ �+ �� � � � � 	 � ,� � !7 � �*7 + �� . + � � � � � � / �� � � � � - � � � �� � � � � ,' �� � � �� � �' � � � � � �� � � �0 � �! 2�8  - � ��� � �� �� � ��� � �� � �� � � � � � � �� �� � �� � � 0 � � � � $"� 2� � �K # �� � 5� ��� � � ,� � !7 � � � � � � 
�& & � �  � ��� � � �� �0 � �! 2 �� �� �� �� 	 ���� � ! 7 � � 	 � � & � � � �� � � ���  ,� � !7 � � � � 	 )��. � - � �+ �� � & � � � � �)�� � , �� &6 ��  �&+ �. � , �� � *� �	 �� � �� �$�&+ �� �� �� �� �� ��� � � � � �/ �&�� �� � � � )��� , �� &6 �� �� � �� !0 � � 0�&� �� � $��+ ���� ( �� �� ��K �
� � �� ( �� � $�� % �� ��K- �� ��� � !7 � � �� !0 � � ��� � � �� ��� � 0� �� � �& �0� � � � ��� � !7 � � � � 	 �� � �� � � & � �� � + �� ��� � � �� � �� ��K ��� �� �� �&!� ��� � � *�0 � �! 2�� ��K ��� 2 ��� ! � �� � 	 � �� �
 - � 	 ���0 �� ,� � !7 � � 0� � 	 �� � $�� 8 � �� ��K *
 *�0 � �! 2�� / *� � ��& �'� ( 0� � � � $�+ �& �� K � 2� �� 
� � 	 � ,� � !7 � � ��� � �� �� ! � � � / �� �� �� 8 �$��+ � 2 ,� � !7 � � � � ��� � �&� �� �
 �  �� �&� �� � �� � � ��� �2

exchange �



59� � ��� �� � � � � �� � � � �� 	
 � � � � ���� �

�� �� ��� ��� � ��� ��� � � � �� � �� � �� � � � �	 ���

�[6.1] �(� % � �� 	 �� � �� � �� � � �� � � ��
�� ��� ��� � 3��� )�� � � �� 	� � 
��� � ��0 � �� ��� ��0 � �( ��% ��� 0�6 � � )�� 0� � $�&� �� �+� 2 ��� � �� � � �� *K �� �� �&!� *�0 � �!2 - � �!
� � � � � � )�� 0� � � � $�� � � �� ( � �� �( 
� �� �� � �� ��� �
 ��� � !7 � �  ��K - � 	 ��!( �� �� . �

�
�� � � �� � � �� 	 � 
� �� � � �� 	��� �� 	 ��.�
 *�0 � �!2 � � �� �� "L ���� � �� �.�7 � # 	� �(0� � �� �&!0 � � � � � � �� � �� � ��	 � ,� � !7 � � �� � � � ,�� � ��  " 5� � *7+ # �& &� �� � �� � � ,'�� � �eV �� �
 � � �� �� � � �� �6� � � � ��� � �� �� � � � � �
 0� � - � �� 
 �( 	- �� 
��� � �� � ��� � !7 � � � � � �� � � � � ,� � !7 � � 	 �� � ,��- - � *� !0 � � � & � �� � + �� ��� � $"�� � �� � #- � �� � �� �.6 ���� � *�0 � �!2 
�� � �

− h̄��
m

∇�ψ(r) + V (r)ψ(r) = E′ψ(r), " 5� �#
��+ �� 
� �� � �- �� �� �� V (r)

*�0 � �!2 ��
V (x, y, z) =

{
V � = const 4≤ x, y, z ≤ L
∞ otherwise.

"�� �#
��+ �� E = E′ − V � ��

− h̄��
m
ψ(r) = Eψ(r). "9� �#

�� � �� � ��	 "x, y, z = 4, L# � � � � �� � � � �&� � �� � � �� �� �  � � � � ,� � !7 � � �� �� �� �' - �" 5� � �� � - � 
��� !� � �� � � 	- � � � � �� + �� �� + �0 � ��� # �� �� � �� �� � � �� ��&!0 � � � � � �- � �� ��� �.6 �� �� + 0� � $�+ �� �� ��K
ψ = 4 for

x = 4, L; 4≤ y, z ≤ L
y = 4, L; 4≤ x, z ≤ L
z = 4, L; 4≤ x, y ≤ L

"�� �#
�� �� �� ψ(r) �� �� & � �� + 0� �� � �&� � ��+ �� �( �� �.�
 ,� � � �� �
 ��	 � �/ �� ,� � !7 � ���+ �� �!+� � � �-

∫

box

drψ∗(r)ψ(r) = 3. "�� �#
� ��� �� � �� �� � �- � ��
 "�� �# 	- � � �� + 
 �� 8 �� "9� �# �� &� �� � + �� ����

work function  
fixed boundary conditions !
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L )�/ �� ���� � *�0 � �!2 
�� � � � � � �- ' ,� � !7 � � )� � �� � �� �� �� �� �� ( *7+ ��−� *7+- � �� ��� �.6 nx = 3, �, �, . . . ��� ! � �� � � ��6 � �� � � �& ! � 	 � �� � )� / $x � �� � 	 �! � �� � �$λ =
�
L,L,

�
L/

�
, . . .

ψ(r) =

( �
L

)	/�
sin(kxx) sin(kyy) sin(kzz). "�� �#

�&�' �� �� � �� � �- �� �� �� �"9� �# � � "�� �# 	� ��% �
 - � 078� 	� � � � 	 � - �� �
E =

h̄ �k ��
m

=
h̄��
m

(

k �
x + k �

y + k �
z

)

. "�� �#
�� � �� # � & + �� � � � �- ' 	 � ,� � ! 7 � � 	� � � � � (� � � � �� ! � � �� 	� � / ,�8  � 	� � � � 0 � �	 � � ��� � 	� � � �- �� 	 �� "�� �#

x, y, z = L � � ψ = 4 �� + �� �� �� � 0� � �� �"	� � �� �
���+ �� �� &� kx, ky , kz

�
� �
kx =

π

L
nx, ky =

π

L
ny , kz =

π

L
nz, nx, ny, nz = 3, �, �, . . . . "�� �#

� �� & � *� �	 �.�
 ��
 	� � � � ��&+ �� � �� nx, ny , nz
- � �7 � �� �!� �
 �� �� �&!� 	 � � ��


��� & � �
� � 	 � � ��� � �� � � �& ! � 	 � � ��
 $��� + �!+ ��% � �&� �!0 � �� �� ��� � �& !0 � � ,�� �� �� � ! 7 � � 0 7 8 � 	 � � � �
 $� &  ��8 � � � � �� "�� �# � � 	� � �
 �� K * � !0 � *
� ��6 � � � �� � , �� � �� �� "�� � *7 + ��!0 � � 	 � �� � # � � � � � � 	�� � �� *�0 � �! 2 
�� � �	 �� ( � � - �� � � � ���� - � - � �� � �8 � $�� 8 � ��� ( , �+ (kx, ky , kz) �� (nx, ny, nz) ��� !� �� ��� � ��� �� � �� �� E = h̄�k �/�m �� � 	� � � � �� �
� � � �	�� �� �� �
� ��� ��� �$�&+ �� �� 	� � �� . � � � 
�� !�  � � k - �� � � � ��� � ��+ � �� � � �
 0 � � � � �� � � � 	- � � �� + 	 �� �� � �
 0� � � � " 5� � �� � # 	 �
� � � 	- � � �� + �� �0 � �� � � � �� � $�� �
�+ �� �� � k 	�� (
octant �
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 � � � � ���� �

- � 	 ��7.+ ����� �� �� � � �� *�0 � �!2 
�� � � ��� � !7 � � 	 � �� �
 � � �8 � "b � a
# �9−� *7+� � �� � � �& ! � �� � � �  �0� �� � 078 � �� �
 � � *� � � �� $k 	 �� ( � � �
� � � ��� � - �� � � � ��� �
�� � �	 �� )� � 
�� !�  � � � �� �
 �� �8 � ��� � 	- � � � � �� + 	 �� � "a# $�� � ��� � !7 � � �� �


k 	�� ( *� - �� � 	 � �� �
 �	 �
� � � 	- � � �� �� + 	 �� � "b# $�� � π/L ,�+ ��K ��� �( ��� # ky
� � �� 86 ��� �� ��� *7+ 0� � $�� � �π/L � �' ��K ��� �( �� � ��&&� �� �� � �
 ��	� � � �� � � �"b# � "a# � � �
 � � �  � � 	 �� � $� ��� ,�� � �� "�� + �0 � �� � 5�� *7 +$�� �
�+ 
� �� , �� � � �� E(k) �� � 	� � � �

�� 
 �� �� � � � �& ! � �� �
 �  0� �� � �& � $�& !0  � � �� �� ! � � � �� � � � � �� �
 �� �� � �  	 �!� ��
��� � �� ( �!�� � 2� �.+ �� � �� �
 , �� � �� L �2�7�� � � �� ��� � � 	 �� � � - �� $Vk = (π/L)	0�� % 	 �
 k 	 �� ( 	 � ) ��� !� � �� �� � 	�&��8
 , �� � �� �� ��� - � 	� ��0 � 	 �� � �� 	� �/ ��$�� �- � ��- �� �!�� 2 ��
 $�� 8 � �.� �� � �� �� �
 �� ��� , �� � �� � �� �
 0� � � � � ,� �� ( �&� �8 � �!(� % �� � � � �� �� �
�+ � ��� � E(k) + dE � E(k) 	� � � � ���� ��� � �� �� )� � 
�� !� 

���&� �� ��0 � � k �� � ��� � � � �� �� �&!� Vk
��
 �� �� ,'

dZ′ = 3� �πk �dk/(π/L)	 . "�� �#
���' �� �� � �� � � �� ��
 �
 �� 	 � �� �
 � ���� �dE = (h̄�k/m)dk �� �� �
 ,' - �

dZ =
(
�
m)	/�

�π �h̄	 E �/�dE. " 5�� �#
�� �7 � 	 �� � 	� 7 ( � �  ��� �
�� � 
��� ! � � ,' - � �
 0� � �� �� � � & � �� � + �
� � � � � �7 � � ���� �&� )� �
 0!K �� �� � - � �� 	� �/ ,�8 $�� � 
�� � ,� � !7 � � 0��� � �&� �  �� �� 	 ���� �-� � �� 	� � / �� ��� � �0 ! & � ,� � !7 � � �� 0� �� � � � �!0 � �� �� �" 5� 5 �� � # �� + �� 
�� �
��
� �K , ���� � ��� � � $�� � � �� K � � !� � �
 � � 	 �� �� �
� �K �0 �/ �& � � , ��� � � �
� � � �� ,� � !7 � � 0� �� � � % � �� �� � �&�� , ��� 0� � $�&+ �� �� 0� .� 	� �%�
 � � 0� � 	� � � �
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$��� �� � � � �- ' ��� � !7 � � - �% 	 �� � D(E) 	 �
� �� � �� �
 �� ��� ��−� *7+
$�& � �� � �� � � �� ��� � ! 7 � � 07 8 � � � �
 � � 9� � *7 + � � k �� � � �  ���� � �� � � �0 
 ��
��� � � �� *�0 � �! 2 
�� 	� ��- ' ��� � !7 � � - �% � �

D(E) = dZ/dE �� �
 �� ��� 0� �� � �& �
���' �� �� � �� � � �K '

D(E) =
(
�
m)	/�

�π �h̄	 E �/�. " 55� �#
	 �
� � � 	- � � �� �� + - � � % � $�&&� �� ,��� cm−	eV− � �0
 � � �� D(E)

��8��
ψ(x+ L, y + L, z + L) = ψ(x, y, z), " 5�� �#

��� � ��' �� �� � �� "�� � *7+ # �� �.6 0�8 �� �
 �� ��� 	 �� � � � � �� �� � �� 
��� !� ���� � !7 � � � �� � � �� � �� + 0� � $�� + �� *� �
 � � � � �2� 7�� � � ��  ��K 	 �� � �� ��� � � �� �.6	 
��� �
ψ(r) =

( 3
L

)	/�
eik.r

� � �&!� k �� &� � �.�� � � ���� �� �
 0� � � � $�& ��� �� � �� "9� �# 	 � � ��
 , �� &6 �� ��$�� � ,�� � � �� & � *� �	 k = 4 �� �� �&!� � ��
 
� �6 �� � ��&!0 ��K *� !0 � 	 � � ��
 ��
��&+ �� �� � �- k � � ���� 	 �� �� � ����+ �� 
�� !0 % k 	�� ( *� � � - �� � 	 � �� �
 0� �� � �&�

kx = 4,±�
π/L,±�π/L, . . . ,±

�
πnx/L, . . .

ky = 4,±�
π/L,±�π/L, . . . ,±

�
πny/L, . . . " 59� �#

kz = 4,±�
π/L,±�π/L, . . . ,±

�
πnz/L, . . .� � )��� � 0� �� � *� � � �� # �� � � �  �� � � �& ! � �� 
 � �� � �π/L � � �� � � �� � ��� �( ,� & � �- � �� � �� �.6 ",� � !7 � �



59 � � ��� �� � � � � �� � � � �� 	
 � � � � ���� �

(
�
π/L)	 =

�
Vk.

�.� �� � � �� &  �� �� �π �� �� ( ��� �- *� �0 � �� �� k 	�� ( � � 
�� !�  � � 	 �
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− E

)

Ck +
∑

G

VGCk−G = �. ��8��
�� � !� � �� � � % � D8�� � K @� %� � = ; %�4, Y� �A ( �3%�2 � �"� ;� ;< �� R> G� %�4, 3�K �2 % :� !
k � � %�. , ;< +@< , 3+"�N > /� ;� !� ��8�� ; %�4 ,

ψ(r)
& ! � !Ck

W
 � � � !� � W. � �- 2 !�Ck−G ;� Ck :� !� � �@� B+= �� ;�= !% V P�F ! � K � %/� �� �� � !� ;� R= � G � !%� � � 3& !+( ! ;� � �=B%� = , 3+"�N> . . . � Ck−G”
�Ck−G′� � ;< ��-2 ! +L !� � �� *� �2 % !+4 $ N � %� = , 9 "� N$ ; �
 ,

N ;� ;"  � ! ; �
 , :� !� � �@ �G� %�4, 3�K �2 % N & ! 9 �� � B-2 ! �� � !� ;� R= +L !� *� �2 � % k � !%� � 9 � �� �� �@�, � �= � !+<3& !+( ! ;� �� �'
k � � %�., ;< -2 ! -Z $ � !� , ! & ! U( /�� � 9� � ) � �"� ;< +� %, -2 % ;� � !� >� K @� %� � = ; %�4 ,
E � ��� !+. , 3� �� :� !� � �@ � B+(� !% G� �N $ � K � %/� �� �� � !� ;� R= G � ��� !%� �& ! -2 ! G� �R1 Ek ;� 	�4�, �� , 
� �$ � %& �
6� � Ek = E(k) G� � # ;� � !� $ , !� � D8��

ψk(r) =
∑

G

Ck−Ge
i(k−G).r, � �8��

��
ψk(r) =

∑

G

Ck−Ge
−iG.reik.r = uk(r)e

ik.r. �a8 D�8��
:� !� � �@� � �-2 ! �� � !� ;� R= � ��� !%� � �� � ;�� � � W
 � 9 � �+= %� !� �> :� ! � % ;< uk(r)


� �$!� � �& � � %�. , � !3� � % �& � , W � !� = � !� � ; < k  >� , � !%� � B+ = ��  , ; � R = S� �@ $ � !� !%+@�J ) ,� �
kx = �,±�

π/L,±�π/L, . . . ,±�
πnx/L

ky = �,±�
π/L,±�π/L, . . . ,±�

πnx/L �b8 D�8��
kz = �,±�

π/L,±�π/L, . . . ,±�
πnx/L

; < nx, ny , nz
� � �kx, ky , kz

- 2� %  ,� � ( !� < % !+ 1 ! ��- 2 ! � � � �  5� � 2� � < �, + 4 � �L�;� B+ � % , - 2 % ;� !� + (� = �� !�) �
 6� � �� �' �
 L� � -
 � ��  , �I � ( ! � � %�. , 3� ��� !3� � % �"
 ( �� 5 9 � � !� � � !3� 78 9 $ � K @� %� � = ; %�4 , S !� > ;< /� !3% !% � �H ( �� K � % G� �R1-=� ( 3+= ; � +, -Z $ �� , 9� G� � # ;� � !� $ , !�
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3� � % �� � ! uk(r)

� �$ & ! ψk(r) = uk(r)e

ik.r �P� �� , :� F �2 � 3� C ( & !  �� , � D−� �� =B-Z $ �� , 9� � �;(� ) 8p � +(� "5 ;E Z H , � ;� R= S� �@$

ψk(r) = uk(r)e
ik.r �c8 D�8��

�� "2�� +, ;<
uk(r) = uk(r + rn) �d8 D�8��

� % ;< >� , 
� !� $ � �- 2 ! �� 2� , ��� � ��� � ;� ;X " � ( :� ! B- 2 ! ;� R = S� �@ $ 3� � % � !� !%+( !V� � 4 , �� � ��  ! �P� � �� - �L �� �� � ��	
 � ;� +( !3+= 3% !% �d �$ a8 D�8 �� G� %�4 ,
B� D8� �� = � !� F & ! �A " . �
 , ;< -
 � J " ( �� K � % � �� +, �" 5 � !� !% �;� R = � "
 ( �� 5 +" < ! S� �@ $

� � ( � " " � $ � � � �a8 D�8�� �P � �� ,  � < Y � �A ( & ! B+ (� =  , ; X " � ( �P � � �� -  �L+�' , -2 % ;� �� � !� ;� R= � ��� !%� � G” = G′ − G

ψk+G(r) =
∑

G′

Ck+G−G′e−iG′.rei(k+G).r

Bloch theorem !
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=

(
∑

G”

Ck−G”e
−iG”.r

)

eik.r = ψk(r), �a8 D D8��
@4�

ψk+G(r) = ψk(r). �b8 D D8��
V P�F ! � K � %/� �� �� � !� ;� R = � !%� � 9 � 3& !+( ! ;� �� �' >� , � !%� � ;< F P� � !� , ! :� !� � �@ �

�� D8 �� � K @� %� � = ; %�4, B+@�
� � �2 9� �+(� !%
Hψk = E(k)ψk

� D�8��
�%� � +� !� F � �& G� � # ;� G �� * �.�( ! G� � # � %

Hψk+G = E(k + G)ψk+G, � D	8��+� %, -2 % ;� �b8 D D8 �� ;� �@� ;<
Hψk = E(k + G)ψk. � D�8��

;< /"@"� , � D�8�� � � D�8�� ;
 � �., & !
E(k) = E(k + G). � D�8��

��P � � !� , !  >� , � !%� �  @ 4 � �k ,� � ( !� < %+1 & !  �� �@ � , 
 � !� $ E(k) � � %�. , 3� �� : � !� � �@ �B+@�
�
q �� � !� � �� � � %  ) + @ = � 5 �� Q 2 W 2� $ � !� $  , !� ω(q) ; < � � �� (� � %� � , ; � �H ,
�I � ( ! �� Q 2 W2� $ � !� $ , J " ( !� � !3� � % �"
 ( �� 5 9 � � !3� 78 9 $ � �� -  �L �% !% Y � �A (Y� �A( +@�
� k �� � !� � �� � � % �,� �( !� < %+1 � >� , � !%� � & ! S� �@�, 4� !� $ ;< E = E(k)B+@� %, �"� H $ !� � � � � 9 � ��� ��� � � � � �	 � �� �� �� �/� � �@< � % �� Q 2 :� ! ;< , �K @� B% !%
k � � %�. , � !� � �� �' -2 ! � �< �+@�
 � S� �@�, �� � !� � �� � � % E(k) � ψk(r) ;< � �> �' & !� % �� �' � � %�., �
� !� $ �� �@$ 
"2� $ :� !� � �@� B/"( !+� �	8 � Y Z � � :" 	� ��� � *� ! ;.Q @, � % 
? !�B+� %, -2 % ;� !� k � �� � � 2 �$� 2
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� % �� �@ $ G� � # ;� ;< +4 � 9 � � % % !& ' �� � ��  ! �� = A U 2 �I � ( ! � �� @C @, ��−� �� =
E(k) K �
 � :� ! B-2 ! a /".�
 , ;� R= � % S� �@$ 3� � % B-2 ! 3+= 3% !% �� �
 ) �� � !� � �� �B�� �F � ;� R= � 96� < -� �0 ;� �"
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S �
L ;� J " ( !�  �. � ( ! �� �. $ G �,� J �, �
 � �� , �+@�
 � � N# �	8�� � % VG ;�� � � � � !� �3+@ @ < :" " 4 $ J " ( � !3� � % �"
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k � �� � � % �U @ $  A U 2 9 � ;� �I � ( ! : � A ,
�-� �� J "( +( !3+= �.�@,

G � !%� � � � �� ;< � �� AU2
E(k) = E(k + G) =

h̄��
m

|k + G|�. � D�8��
B-2 ! 3+= /2� �8� �� = � % :� ! �g → G = h

�
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π/a
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� Ck

� � !� � G� � #� �-2 ! 3+= ;�=� ( :" 	� � �� � *� ! ;. Q @, ;R  � % 
? !� �� , � % � !� � � D�8 �� ; %�4 , � % ;< -2 !B%� < � � ( V� # �� � !� ;� R = � K � % � ��� !%� � & ! = �( /U 2 & ! � !� $  , *� ! � �� . $ �$ : � !� � �@ �



�� �� �� �� ��	 
� D��

� �� , B� +4 � 9 � ;� R = � % �� � � �  ! 9 � V (x)
�"
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ψ+ ∼
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a
, �a8 D�8��

ψ− ∼
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eiGx/� − e−iGx/�) ∼ sin π
x

a
. �b8 D�8��
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a
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%− = ψ∗

−ψ− ∼ sin� πx
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�b8 D�8��
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 ( �� 5 -  �LB+= �� , ��8 � �� = � % !& ' �� � ��  ! �I � ( ! AU2 & ! V !� C ( !/"( !� $ , �L !� ;� �/� !3%� � ' -2 % ;� ; �
 , ;� 
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