
Mohsen Bagheri Mehrab

Fault-Tolerant Quantum Error Correction
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 Quantum codes

What is fault-tolerance?

 Fault-tolerant quantum error correction methods

 Universal Fault tolerant quantum computation 



𝑬𝑬 = 𝑶𝑶𝟏𝟏⨂𝑶𝑶𝟐𝟐⨂ ��� ⨂𝑶𝑶𝒏𝒏 , 𝑶𝑶𝒊𝒊 ∈ {𝕝𝕝,𝑿𝑿,𝒀𝒀,𝒁𝒁}

B𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚 𝐟𝐟𝐟𝐟𝐟𝐟 𝐧𝐧 − 𝐪𝐪𝐪𝐪𝐪𝐪𝐚𝐚𝐪𝐪 𝐞𝐞𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐚𝐚 ∶

𝓔𝓔 = {𝑬𝑬𝒂𝒂}

QUANTUM CODES

3

n-qubit Hilbert space

Hilbert Space

Encoding

Disjoint Subspaces

EC and Decoding

� ⟩𝟎𝟎 → | ⟩𝟎𝟎𝟎𝟎𝟎𝟎
� ⟩𝟏𝟏 → | ⟩𝟏𝟏𝟏𝟏𝟏𝟏

𝓗𝓗𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

𝓗𝓗𝒂𝒂

𝑬𝑬𝒂𝒂

𝓗𝓗𝒃𝒃𝑬𝑬𝒃𝒃



QUANTUM CODES

Code parameters :

Distance, rate ⁄𝒌𝒌 𝒏𝒏 , useful for FTQC

9-qubit Hilbert space

7-qubit Hilbert space
5-qubit Hilbert space

𝟗𝟗,𝟏𝟏,𝟑𝟑
𝟕𝟕,𝟏𝟏,𝟑𝟑

𝟓𝟓,𝟏𝟏,𝟑𝟑

𝒏𝒏,𝒌𝒌,𝒄𝒄 𝒕𝒕 =
𝒄𝒄 − 𝟏𝟏
𝟐𝟐
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STABILIZER CODES

Stabilizers, S

𝐍𝐍 𝐒𝐒
Errors, E

Code Space
T(S)

𝑮𝑮 = 𝑮𝑮 𝟏𝟏 ,𝑮𝑮 𝟐𝟐 ,𝑮𝑮 𝟑𝟑 ,⋯ ,𝑮𝑮 𝒏𝒏− 𝒌𝒌

𝓟𝓟𝐧𝐧

𝑻𝑻(𝑺𝑺) = 𝒔𝒔| 〉𝝍𝝍 = | 〉𝝍𝝍

𝓟𝓟𝐧𝐧 = 𝒄𝒄 𝑶𝑶𝟏𝟏⨂𝑶𝑶𝟐𝟐⨂ ��� ⨂𝑶𝑶𝒏𝒏

| 〉𝝍𝝍
𝑵𝑵| 〉𝝍𝝍

𝑬𝑬| 〉𝝍𝝍

= −
=
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𝐧𝐧-𝐪𝐪𝐪𝐪𝐪𝐪𝐚𝐚𝐪𝐪 𝐚𝐚𝐪𝐪𝐚𝐚𝐪𝐪𝐚𝐚𝐬𝐬𝐚𝐚𝐬𝐬𝐞𝐞𝐟𝐟 𝐜𝐜𝐟𝐟𝐜𝐜𝐞𝐞: 𝒏𝒏,𝒌𝒌,𝒄𝒄

𝑮𝑮 = 𝑮𝑮 𝟏𝟏 ,𝑮𝑮 𝟐𝟐 ,𝑮𝑮 𝟑𝟑 ,⋯ ,𝑮𝑮 𝒏𝒏 − 𝒌𝒌

𝟐𝟐𝒏𝒏−D Hilbert space
decomposes into 𝟐𝟐𝒏𝒏−𝒌𝒌

disjoint eigenspaces, each of D =𝟐𝟐𝒌𝒌

𝑮𝑮𝟐𝟐 𝒊𝒊 =𝕝𝕝

𝐞𝐞𝐚𝐚𝐜𝐜𝐚𝐚 𝐚𝐚𝐪𝐪𝐪𝐪𝐚𝐚𝐬𝐬𝐚𝐚𝐜𝐜𝐞𝐞
𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝒄𝒄 = (𝒄𝒄𝟏𝟏,𝒄𝒄𝟐𝟐,⋯ ,𝒄𝒄𝒏𝒏−𝒌𝒌) 𝑮𝑮 𝒊𝒊
𝐞𝐞𝐚𝐚𝐞𝐞𝐞𝐞𝐧𝐧𝐞𝐞𝐚𝐚𝐬𝐬𝐪𝐪𝐞𝐞

(−𝟏𝟏)𝒄𝒄𝒊𝒊

𝐞𝐞 ≡ 𝐚𝐚𝐪𝐪𝐪𝐪𝐚𝐚𝐬𝐬𝐚𝐚𝐜𝐜𝐞𝐞 𝐚𝐚𝐬𝐬𝐧𝐧𝐜𝐜𝐟𝐟𝐟𝐟𝐬𝐬𝐞𝐞

n-qubit Hilbert space

Code subspace

STABILIZER CODES
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𝐚𝐚𝐜𝐜𝐪𝐪𝐚𝐚𝐟𝐟𝐧𝐧 𝐟𝐟𝐟𝐟 𝐏𝐏𝐚𝐚 𝐟𝐟𝐧𝐧 𝐜𝐜𝐟𝐟𝐜𝐜𝐞𝐞 𝐚𝐚𝐬𝐬𝐚𝐚𝐜𝐜𝐞𝐞

𝐜𝐜𝐟𝐟𝐜𝐜𝐞𝐞 𝐚𝐚𝐬𝐬𝐚𝐚𝐜𝐜𝐞𝐞 𝐚𝐚𝐬𝐬𝐧𝐧𝐜𝐜𝐟𝐟𝐟𝐟𝐬𝐬𝐞𝐞 ∶ 𝐞𝐞 = (𝟎𝟎𝟎𝟎⋯𝟎𝟎) n-qubit Hilbert space

Code subspace

𝐜𝐜𝐚𝐚𝐚𝐚𝐧𝐧𝐞𝐞𝐞𝐞 𝐚𝐚𝐬𝐬𝐧𝐧𝐜𝐜𝐟𝐟𝐟𝐟𝐬𝐬𝐞𝐞
𝒄𝒄 = 𝒂𝒂𝜦𝜦𝑮𝑮𝑻𝑻

→ 𝒂𝒂 ≔ (𝒙𝒙𝒂𝒂 ⋮ 𝒛𝒛𝒂𝒂)

→ 𝒈𝒈(𝒊𝒊) ≔ (𝒙𝒙𝒃𝒃 ⋮ 𝒛𝒛𝒃𝒃)

𝑷𝑷𝒂𝒂 = ⨂𝑿𝑿𝒂𝒂𝒊𝒊⨂𝒁𝒁𝒂𝒂𝒏𝒏+𝒊𝒊

𝑮𝑮 𝒊𝒊 = ⨂𝑿𝑿𝒃𝒃𝒊𝒊⨂𝒁𝒁𝒃𝒃𝒏𝒏+𝒊𝒊
𝒙𝒙𝒂𝒂 � 𝒛𝒛𝒃𝒃 + 𝒛𝒛𝒂𝒂 � 𝒙𝒙𝒃𝒃 = 0

𝜦𝜦 = 𝟎𝟎𝒏𝒏 𝕝𝕝𝒏𝒏
𝕝𝕝𝒏𝒏 𝟎𝟎𝒏𝒏

𝒂𝒂𝜦𝜦𝒈𝒈(𝒊𝒊)𝑻𝑻 = 𝟎𝟎 𝑮𝑮 ≡

𝒈𝒈(𝟏𝟏)
𝒈𝒈(𝟐𝟐)
⋮

𝒈𝒈(𝒏𝒏 − 𝒌𝒌)

𝑿𝑿𝕝𝕝𝒀𝒀𝒁𝒁𝒀𝒀𝕝𝕝 → (𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝)(𝕝𝕝𝕝𝕝𝒁𝒁𝒁𝒁𝒁𝒁𝕝𝕝)

(101010) (001110)

HOW TO DETECT ERRORS?
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U

8

WHAT IS FAULT-TOLERANCE?

ERROR PROPAGATION :

HX Z

X

≡ ≡

X

X Z

Z

Z

| ⟩𝝍𝝍

𝑼𝑼𝑬𝑬 〉𝝍𝝍 = 𝑼𝑼𝑬𝑬(𝑼𝑼†𝑼𝑼) 〉𝝍𝝍 = (𝑼𝑼𝑬𝑬𝑼𝑼†)| 〉𝝍𝝍′

| 〉𝝍𝝍′ = 𝑼𝑼| 〉𝝍𝝍
𝐸𝐸

H≡

𝑬𝑬 → 𝑼𝑼𝑬𝑬𝑼𝑼†



𝐗𝐗𝑴𝑴

M

Faulty measurements can cause errors to cascade

9

FAULT-TOLERANCE

| 〉𝝍𝝍 �𝑿𝑿𝑴𝑴| 〉𝝍𝝍𝐗𝐗𝑴𝑴

𝐗𝐗𝑴𝑴

𝐗𝐗⊗ 𝕝𝕝 → 𝐗𝐗⊗ 𝐗𝐗

𝐙𝐙⊗ 𝕝𝕝 → 𝐙𝐙⊗ 𝕝𝕝

𝕝𝕝⊗ 𝑿𝑿 → 𝕝𝕝⊗ 𝐗𝐗

𝕝𝕝⊗ 𝒁𝒁 → 𝐙𝐙⊗ 𝐙𝐙



1
1
1

1
1

1

1
1 1

1

1
10

0
0

00

0
00

0
0 0 0
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How to avoid cascading?

〉𝟏𝟏𝟏𝟏𝟏𝟏 〉𝟎𝟎𝟎𝟎𝟎𝟎 → 〉𝟏𝟏𝟏𝟏𝟏𝟏 〉𝟏𝟏𝟏𝟏𝟏𝟏

X X

X
X
X

X

X

X

Transversal Gates



 Shor type (S.M. using Cat states)

 Steane type (S.M. using encoded blocks)

 Knill type (S.M via Logical Teleportation)

E𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟 𝐜𝐜𝐟𝐟𝐟𝐟𝐟𝐟𝐞𝐞𝐜𝐜𝐪𝐪𝐚𝐚𝐟𝐟𝐧𝐧 = 𝐒𝐒𝐬𝐬𝐧𝐧𝐜𝐜𝐟𝐟𝐟𝐟𝐬𝐬𝐞𝐞𝐬𝐬𝐞𝐞𝐚𝐚𝐚𝐚𝐪𝐪𝐟𝐟𝐞𝐞𝐬𝐬𝐞𝐞𝐧𝐧𝐪𝐪 𝐒𝐒.𝐌𝐌. + 𝐑𝐑𝐞𝐞𝐜𝐜𝐟𝐟𝐞𝐞𝐞𝐞𝐟𝐟𝐬𝐬 𝐚𝐚𝐪𝐪𝐞𝐞𝐬𝐬

FAULT-TOLERANT ERROR CORRECTION METHODS

11

| ⟩𝝓𝝓

| ⟩𝝍𝝍 = 𝜶𝜶| ⟩�𝟎𝟎 +𝜷𝜷| ⟩�𝟏𝟏
| ⟩𝝍𝝍 ⨂| ⟩𝝓𝝓



Phase kickback trick :

Syndrome measurement using Cat states :

U| 〉𝝍𝝍 | ⟩+ | 〉𝝍𝝍
𝑪𝑪−𝑼𝑼

| ⟩𝟎𝟎 ⨂| 〉𝝍𝝍 + | ⟩𝟏𝟏 ⨂𝑼𝑼| 〉𝝍𝝍

= ( | ⟩𝟎𝟎 ± | ⟩𝟏𝟏 )| 〉𝝍𝝍
𝑯𝑯⨂𝕝𝕝

| ⟩𝟎𝟎 𝒄𝒄𝒐𝒐 𝟏𝟏 ⨂| 〉𝝍𝝍

SHOR TYPE ERROR CORRECTION

𝑮𝑮 = 𝑮𝑮 𝟏𝟏 ,𝑮𝑮 𝟐𝟐 ,𝑮𝑮 𝟑𝟑 ,⋯ ,𝑮𝑮 𝒏𝒏 − 𝒌𝒌

H| ⟩+ M

P.W. Shor, FTQC Proc. 35th Ann. Symp. on Foundations of Computer Science (IEEE Press, Los Alamitos, 1996) 12



| ⟩+ 𝑳𝑳 = (| ⟩𝟎𝟎 𝟒𝟒+| ⟩𝟏𝟏 𝟒𝟒)

𝐚𝐚𝐟𝐟𝐪𝐪𝐞𝐞𝐟𝐟 𝐪𝐪𝐚𝐚𝐞𝐞 𝐜𝐜𝐟𝐟𝐬𝐬𝐬𝐬𝐬𝐬𝐞𝐞𝐪𝐪𝐞𝐞 𝐚𝐚𝐬𝐬𝐧𝐧𝐜𝐜𝐟𝐟𝐟𝐟𝐬𝐬𝐞𝐞 𝒄𝒄 𝐚𝐚𝐚𝐚 𝐬𝐬𝐞𝐞𝐚𝐚𝐚𝐚𝐪𝐪𝐟𝐟𝐞𝐞𝐜𝐜 apply to correct the error  

𝑯𝑯⨂𝒏𝒏 | ⟩𝟎𝟎 𝟒𝟒 + | ⟩𝟏𝟏 𝟒𝟒 = �
𝔀𝔀 𝐱𝐱 =𝐞𝐞𝐞𝐞𝐞𝐞𝐧𝐧

| ⟩𝒙𝒙 𝐇𝐇⨂𝐧𝐧 | ⟩𝟎𝟎 𝟒𝟒 − | ⟩𝟏𝟏 𝟒𝟒 = �
𝔀𝔀 𝐱𝐱 =𝐟𝐟𝐜𝐜𝐜𝐜

| ⟩𝐱𝐱

SHOR TYPE ERROR CORRECTION

𝒄𝒄 = 𝒂𝒂𝜦𝜦𝑮𝑮𝑻𝑻

� ⟩𝟎𝟎 + | ⟩𝟏𝟏 H M

H
H
H
H

M
M
M
M

𝑈𝑈 = 𝑋𝑋⊗4

P.W. Shor, FTQC Proc. 35th Ann. Symp. on Foundations of 
D.P. DiVincenzo, P.W. Shor, FTEC with efficient quantum 

Computer Science (IEEE Press, Los Alamitos, 1996)
codes, Phys. Rev. Lett. 77 (15) (1996)
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Ancillas → encoded using the same CSS QECC 

To measure Z type generators :

ib
n

i
ZbZ ⊗

=

=
1

)(

Measurement result → 𝒙𝒙𝒂𝒂 = (𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐, … ,𝒙𝒙𝒏𝒏)

𝐪𝐪𝐚𝐚𝐧𝐧𝐚𝐚𝐟𝐟𝐬𝐬 𝐞𝐞𝐞𝐞𝐜𝐜𝐪𝐪𝐟𝐟𝐟𝐟
𝒛𝒛𝒃𝒃 = (𝒃𝒃𝟏𝟏,𝒃𝒃𝟐𝟐, … ,𝒃𝒃𝒏𝒏)

| ⟩�+ =| ⟩�𝟎𝟎 + | ⟩�𝟏𝟏

E𝐚𝐚𝐞𝐞𝐞𝐞𝐧𝐧𝐞𝐞𝐚𝐚𝐬𝐬𝐪𝐪𝐞𝐞 𝐟𝐟𝐟𝐟 𝒁𝒁 𝒃𝒃 → 𝒙𝒙𝒂𝒂 � 𝒛𝒛𝒃𝒃

STEANE TYPE ERROR CORRECTION

A.M. Steane, Active stabilization, Quantum computation, and Quantum State Synthesis, Phys. Rev. Lett. 78 (1997) 14

x x

x

Data block

M
M
M
M



� ⟩�𝟎𝟎 = | ⟩𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 + | ⟩𝟎𝟎𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 + | ⟩𝟎𝟎𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎
+| ⟩𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏 + | ⟩𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏 + | ⟩𝟏𝟏𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏

� ⟩�𝟏𝟏 = | ⟩𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 + | ⟩𝟏𝟏𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏 + | ⟩𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏
+| ⟩𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎𝟎𝟎 + | ⟩𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏𝟎𝟎 + | ⟩𝟎𝟎𝟏𝟏𝟎𝟎𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏 + | ⟩𝟎𝟎𝟎𝟎𝟏𝟏𝟎𝟎𝟏𝟏𝟏𝟏𝟎𝟎

x x

x

𝑮𝑮 𝟏𝟏 = 𝕝𝕝𝕝𝕝𝕝𝕝𝑿𝑿𝑿𝑿𝑿𝑿𝑿𝑿
𝑮𝑮 𝟐𝟐 = 𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝𝑿𝑿
𝑮𝑮 𝟑𝟑 = 𝕝𝕝𝑿𝑿𝑿𝑿𝕝𝕝𝕝𝕝𝑿𝑿𝑿𝑿
𝑮𝑮 𝟒𝟒 = 𝕝𝕝𝕝𝕝𝕝𝕝𝒁𝒁𝒁𝒁𝒁𝒁𝒁𝒁
𝑮𝑮 𝟓𝟓 = 𝒁𝒁𝕝𝕝𝒁𝒁𝕝𝕝𝒁𝒁𝕝𝕝𝒁𝒁
𝑮𝑮 𝟔𝟔 = 𝕝𝕝𝒁𝒁𝒁𝒁𝕝𝕝𝕝𝕝𝒁𝒁𝒁𝒁

𝟕𝟕 − 𝐪𝐪𝐪𝐪𝐪𝐪𝐚𝐚𝐪𝐪 𝐜𝐜𝐟𝐟𝐜𝐜𝐞𝐞: 𝟕𝟕,𝟏𝟏,𝟑𝟑

𝑮𝑮 𝟒𝟒
𝐋𝐋𝐚𝐚𝐧𝐧𝐚𝐚𝐟𝐟𝐬𝐬 𝐞𝐞𝐞𝐞𝐜𝐜𝐪𝐪𝐟𝐟𝐟𝐟

𝒛𝒛𝒃𝒃 ≔ (𝟎𝟎𝟎𝟎𝟎𝟎𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏)

| ⟩�𝟎𝟎 + | ⟩�𝟏𝟏

Data

STEANE TYPE ERROR CORRECTION
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ib
n

i
XbX ⊗

=

=
1

)( 𝐪𝐪𝐚𝐚𝐧𝐧𝐚𝐚𝐟𝐟𝐬𝐬 𝐞𝐞𝐞𝐞𝐜𝐜𝐪𝐪𝐟𝐟𝐟𝐟
𝒙𝒙𝒃𝒃 = (𝒃𝒃𝟏𝟏,𝒃𝒃𝟐𝟐, … ,𝒃𝒃𝒏𝒏 )

Measurement result → 𝒛𝒛𝒂𝒂 = (𝒛𝒛𝟏𝟏, 𝒛𝒛𝟐𝟐, … , 𝒛𝒛𝒏𝒏)

STEANE TYPE ERROR CORRECTION

To measure X type generators :

| ⟩�𝟎𝟎

Z

Data block

Z

Z

H
H
H

H

M
M
M
M

data

| ⟩�𝟎𝟎 + | ⟩�𝟏𝟏
| ⟩�𝟎𝟎 H

E𝐚𝐚𝐞𝐞𝐞𝐞𝐧𝐧𝐞𝐞𝐚𝐚𝐬𝐬𝐪𝐪𝐞𝐞 𝐟𝐟𝐟𝐟 𝑿𝑿 𝒃𝒃 → 𝒛𝒛𝒂𝒂 � 𝒙𝒙𝒃𝒃

16



17

Universal Fault tolerant quantum computation 

𝑪𝑪𝟐𝟐 = 𝐔𝐔|𝐔𝐔𝐔𝐔𝐔𝐔† ∈ 𝓟𝓟𝐧𝐧 generators : 𝑯𝑯,𝑷𝑷,𝑪𝑪𝑵𝑵𝑶𝑶𝑻𝑻

Clifford operators :

𝑼𝑼𝑺𝑺 〉𝝍𝝍 = 𝑼𝑼 〉𝝍𝝍

U(arbitrary unitary )  → How does this affect code stabilizers?

(𝑼𝑼𝑺𝑺𝑼𝑼†)𝑼𝑼 〉𝝍𝝍 = 𝑼𝑼 〉𝝍𝝍

𝑷𝑷 ∶ �𝐗𝐗 → 𝐚𝐚𝐢𝐢
𝐙𝐙 → 𝐙𝐙

𝑺𝑺 〉𝝍𝝍 = 〉𝝍𝝍

𝑯𝑯 ∶ �𝐗𝐗 → 𝒁𝒁
𝐙𝐙 → X

Universal gate sets for QC : 𝑯𝑯,𝑷𝑷,𝑪𝑪𝑵𝑵𝑶𝑶𝑻𝑻,𝑻𝑻 ⁄𝝅𝝅 𝟖𝟖

| 〉𝝍𝝍
𝑼𝑼| 〉𝝍𝝍

n-qubit Hilbert space

𝑼𝑼𝑺𝑺𝑼𝑼† → 𝑺𝑺



F-T IMPLEMENTATION OF CLIFFORD GROUP

Fault-Tolerant Phase Gate :

𝐏𝐏†

𝐏𝐏†

𝐏𝐏†

�𝐏𝐏 ≡
𝐙𝐙

𝐙𝐙

𝐙𝐙

𝐏𝐏

𝐏𝐏

𝐏𝐏

𝑷𝑷 ∶ �𝐗𝐗 → 𝐚𝐚𝐢𝐢
𝐙𝐙 → 𝐙𝐙

take care about overal phase → doubly-even codes

�𝐏𝐏 must be a logical phase gate!! 

Fault-Tolerant Hadamard Gate :

𝐇𝐇

𝐇𝐇

𝐇𝐇

�𝐇𝐇H: switches X and Z

𝑮𝑮 𝟐𝟐 = 𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝𝑿𝑿𝕝𝕝𝑿𝑿
𝑮𝑮 𝟑𝟑 = 𝕝𝕝𝑿𝑿𝑿𝑿𝕝𝕝𝕝𝕝𝑿𝑿𝑿𝑿

𝑮𝑮 𝟓𝟓 = 𝒁𝒁𝕝𝕝𝒁𝒁𝕝𝕝𝒁𝒁𝕝𝕝𝒁𝒁
𝑮𝑮 𝟔𝟔 = 𝕝𝕝𝒁𝒁𝒁𝒁𝕝𝕝𝕝𝕝𝒁𝒁𝒁𝒁

�𝑿𝑿 = 𝑿𝑿𝑿𝑿𝑿𝑿𝕝𝕝𝕝𝕝𝕝𝕝𝕝𝕝
�𝒁𝒁 = 𝒁𝒁𝒁𝒁𝒁𝒁𝕝𝕝𝕝𝕝𝕝𝕝𝕝𝕝

→ Symmetry → 𝐚𝐚𝐞𝐞𝐬𝐬𝐟𝐟 𝐜𝐜𝐪𝐪𝐚𝐚𝐬𝐬𝐚𝐚𝐪𝐪𝐬𝐬

𝑮𝑮 𝟏𝟏 = 𝕝𝕝𝕝𝕝𝕝𝕝𝑿𝑿𝑿𝑿𝑿𝑿𝑿𝑿 𝑮𝑮 𝟒𝟒 = 𝕝𝕝𝕝𝕝𝕝𝕝𝒁𝒁𝒁𝒁𝒁𝒁𝒁𝒁

P. W. Shor, “Fault-Tolerant Quantum Computation,” arXiv:quant-ph/9608012, (1996)

𝐏𝐏𝐙𝐙𝐗𝐗𝐙𝐙𝐏𝐏† = −𝐚𝐚𝐢𝐢

18
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F-T IMPLEMENTATION OF CLIFFORD GROUP

CSS codes
𝐚𝐚𝐟𝐟𝐞𝐞 𝐪𝐪𝐚𝐚𝐞𝐞 𝐟𝐟𝐧𝐧𝐬𝐬𝐬𝐬 𝐜𝐜𝐟𝐟𝐜𝐜𝐞𝐞𝐚𝐚

for which bitwise CNOT is a valid F−T operation

a generic stabilizer : 𝑺𝑺 = 𝑴𝑴𝑵𝑵

𝑴𝑴𝑵𝑵⊗ 𝕝𝕝
𝑪𝑪𝑵𝑵𝑶𝑶𝑻𝑻

𝑴𝑴𝑵𝑵⊗𝑴𝑴

Fault-Tolerant CNOT Gate :

S⊗ 𝕝𝕝 & 𝕝𝕝 ⊗ 𝐒𝐒

𝐒𝐒⊗ 𝕝𝕝 → 𝐒𝐒⊗ 𝐒𝐒 𝐚𝐚𝐟𝐟 𝐒𝐒 𝐪𝐪𝐞𝐞 𝐗𝐗 − 𝐞𝐞𝐞𝐞𝐧𝐧𝐞𝐞𝐟𝐟𝐚𝐚𝐪𝐪𝐟𝐟𝐟𝐟

𝕝𝕝 ⊗ 𝐒𝐒 → 𝐒𝐒⊗ 𝐒𝐒 𝐚𝐚𝐟𝐟 𝐒𝐒 𝐪𝐪𝐞𝐞 𝐙𝐙 − 𝐞𝐞𝐞𝐞𝐧𝐧𝐞𝐞𝐟𝐟𝐚𝐚𝐪𝐪𝐟𝐟𝐟𝐟

�𝑿𝑿⊗ 𝕝𝕝 → �𝑿𝑿⊗ �𝑿𝑿
�𝒁𝒁⊗ 𝕝𝕝 → �𝒁𝒁⊗ 𝕝𝕝
𝕝𝕝⊗ �𝑿𝑿 → 𝕝𝕝⊗ �𝑿𝑿
𝕝𝕝⊗ �𝒁𝒁 → �𝒁𝒁⊗ �𝒁𝒁

Doubly-even self-dual CSS codes → The best class of codes for FTQC



GATE TELEPORTAATION AND UNIVERSAL FTQC

𝐋𝐋𝐞𝐞𝐬𝐬𝐬𝐬

�𝐔𝐔 �𝑼𝑼

2 Cbits

| ⟩𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏

data

𝐋𝐋𝐞𝐞𝐬𝐬𝐬𝐬

𝑼𝑼𝑼𝑼𝑼𝑼†

2 Cbits

| ⟩𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏

data

�𝑼𝑼

(𝕝𝕝⨂�𝑼𝑼)(| ⟩𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏 )

(𝕝𝕝⨂𝑻𝑻 �𝝅𝝅 𝟖𝟖
)(| ⟩𝟎𝟎𝟎𝟎 + | ⟩𝟏𝟏𝟏𝟏 )

𝑻𝑻 �𝝅𝝅 𝟖𝟖
∶ �𝐗𝐗 → 𝒄𝒄𝒊𝒊 �𝝅𝝅 𝟒𝟒 𝑿𝑿𝑷𝑷†

𝐙𝐙 → 𝐙𝐙

𝕝𝕝 𝒄𝒄𝒐𝒐 𝑼𝑼𝒛𝒛(𝟐𝟐𝜽𝜽)

| ⟩𝑨𝑨𝜽𝜽

| ⟩𝝍𝝍

1 cbits

𝑼𝑼𝒛𝒛 𝜽𝜽 = 𝐞𝐞𝐱𝐱𝐬𝐬(−𝒊𝒊
𝜽𝜽
𝟐𝟐
𝒁𝒁)

| ⟩𝑨𝑨𝜽𝜽 = 𝑼𝑼𝒛𝒛 𝜽𝜽 | ⟩+

More efficient gate teleportation

𝑻𝑻 �𝝅𝝅 𝟖𝟖
= 𝑼𝑼𝒛𝒛( �𝝅𝝅 𝟒𝟒)

D. Gottesman & I. Chuang. Viability of universal QC using telep. and 1-qubit operations. Nature, 402:390–393,(1999)
X. Zhou, D. Leung, and I. Chuang. Methodology for quantum logic gate construction. PRA, 62,052316(2000)
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