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Phase Transition

• Liquid                                              solid

• Paramagnetic                            ferromagnetic

Landau symmetry-breaking theory(1930-1980)

≡		
Landau symmetry-breaking theory(1930-1980)

different phases  ≡		different symmetry
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Topological order

• No symmetry breaking.

• No local order parameter.

• There is a gap.

• Long range entanglement.

• Degeneracy depends on the topology of space.

• Degeneracy cannot be lifted by any local perturbations.
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Local Unitary Transformation and

Long Range Entanglement

|�� ∼ |�� 																										|�� = 
����|��

Topological Classes
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Toric code

�

�
ℒ = {|�� ∈ ℋ:	��|��=|��, ��|�� = |��				���	���	�	� !	"}

# = −%&��� − '	&���# = −%&��� − '	&���
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Coding

Torus

∏ ��� = 1
∏ �� = 1�� × ��+,��	��--./0 1�,230�	��	. !0"0 !0 -	�-�3��.40��					 ∶ 2� − 2�,230�	��	+,3.-�																																		 ∶ 2�

Degeneracy = 
789789 :8	 =  4

|�;;� = |00�,      |�;=� = |01�	|�=;� = |10�, |�==� = |11�
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Ground States

|�;;� 	 ∏ >1 ? ��� @|0�7A

B
�CDE 	 	FG,=CFG,7D �;;�, ., H 	 0,1
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Kitaev model,Why?
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What is IJ Kitaev model?

# = −%	 ∑ 	(�� + ��L� −'	∑ 	(�� + ��L�# = −%	 ∑ 	(�� + ��L� )−'	∑ 	(�� + ��L� )

�� ��

Torus

∏ ��� = 1
∏ �� = 1�

Degeneracy:      
J89J89:8	 =  !7
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Ground States

|�;;� 	M>1 ? �� ? ��7 ?⋯? ��JO=
�

@|0�7A

B

�CDE 	 	FG,=CFG,7D �;;�						., H 	 0,… , ! $ 1
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Classical Potts model(1952)

#Q�CRS = − =7∑ (1 + TCTD	C,D ) 																	TC = 1,−1
= −∑ U�B,�V			C,D

#W�XX� = −&U�B,�V	C,D
													

= − 1!&	& 		(�C�D∗)ZJO=
Z[;	C,D

							TC = 1,\, \7, \], … , \JO=
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An open problem(1852-1976)  

Chromatic polynomial: ^(_, +)
Chromatic number     :` _ = min	(+; ^(_, + > 0)
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f̂ 4 > 0 for any planar graph



Potts model and 4-color problem 

#W�XX� = −%&U�B,�V	C,DI(h → −∞) =&0h ∑ klB,lV	B,V
{mB}

= ^(_, +)
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Quantum Potts model

|o��, !	�-�-0� =
|0�⨂A|1�⨂A|2�⨂A…|! − 1�⨂A

degeneracy=d

#W = −&&((ICIDL)Z+(ICLID)ZJO=
Z[; 	C,D#W = −&&((ICIDL)Z+(ICLID)Z)

JO=
Z[; 	C,D
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Our problem
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Our problem

									q 0																																														∞
Degeneracy !7 !

Order            topological order                         Ferromagnetic order

# = #rCX�st + q	#W�XX�
# = −%	 ∑ (�� + ��L� − '	∑ 	(�� + ��L� q ∑ ∑ ((ICIDL)Z+(ICLID)ZJO=Z[;C,D

# = #rCX�st + q	#W�XX�
# = −%	 ∑ (�� + ��L� ) − '	∑ 	(�� + ��L� )− q ∑ ∑ ((ICIDL)Z+(ICLID)Z)JO=Z[;C,D

Phase transition
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Potts model in magnetic field

#uv = −%&wC + wCLC − q!&&((ICIDL)Z+(ICLID)Z)

JO=
Z[; − '�C,D
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Mean Field

Λ = |y� ⨂98 |y� = ∑ �C|.�JO=C[;z = {Λ|#u|Λ� = −J�2&(�C�C}=∗ +C �C}=�C∗) − 4�q&|�C|~C
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min|�� � # � = zS.�								 Λ # Λ ≥ zS.�																							∀ |Λ�



Wilson loop 

� =MwCMwDL =M�tt∈�D∈C∈
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|�;� 	 ∏ >1 ? ��� @|?�7A |y;� 	 |0�7A
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� 	 �1, '.-�0�	
	0, ^�--�				



Calculation of Wilson loop in q ≪ q

� = Ψ � ΨΨ Ψ ≅ 0O~�G8|��|J8
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Calculation of Wilson loop in q ≫ q
� = Ψ � ΨΨ Ψ ≅ 12 0O|�| ��=}�

:87�:�
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Continuous Unitary Transformations(CUTs)� = 
	#	
L# → # � , 								 #s�� 	 #>� 	 ∞@

#; #s�� 	 #�

CUTs
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…CUTs

�# � = 
 � 	# 0 	
L(�) !
(�)!� = � � 
(�) !#(�)!� = [� � , # � ]
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Wegner’s generator

ℎCD � = �C # � �D �C(�) = �C # � �C
& ����,C�� ℎ�C 7 = −2&(�C − ��)7|ℎC,�|7C,�

� � = #J � , # �� � = #J � , # �
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!#(�)!� = [[#J � , # � ], # � ]



Pertubative Continuous Unitary Transformations# � = � + �	 

# � = � + � ∑ FRR[}AR[OA

1) The unperturbed Hamiltonian � must have an 
equidistant spectrum bounded from below.By 
R
the corresponding subspaces are denoted.�| � =  | �

2) The perturbing Hamiltonian   links 
subspaces 
C and 
Donly if |. − H| is bounded 
from above. There is a number � > 0 such 
that   can be written as   = ∑ FRR[}AR[OA where FR increments(or decrements, if  < 0) the 
number of energy quanta by  .�, FR =  FR
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Pertubative Continuous Unitary Transformations# �, � = � + �	 (�)

# �, � = � + � ∑ FR(�)R[}AR[OA

1) The unperturbed Hamiltonian � must have an 
equidistant spectrum bounded from below.By 
R
the corresponding subspaces are denoted.�| � =  | �

2) The perturbing Hamiltonian   links 
subspaces 
C and 
Donly if |. − H| is bounded 
from above. There is a number � > 0 such 
that   can be written as   = ∑ FRR[}AR[OA where FR increments(or decrements, if  < 0) the 
number of energy quanta by  .�, FR =  FR
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Kitaev-Potts for d=3
#uv = − ]7∑ wC + wCLC�(¢)

− �∑ (ICIDL + ICLID)C,D ∑ £¤

			�C= 0 0 00 1 00 0 1 = O(¥B}¥B¦)}7Q] 																				� = ∑ �CC

z; = −2�
z= = −2� + 3

|0̈E
|1̈E|2̈E

−32&wC + wCLC = 92�−32&wC + wCLC = 92�
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FR operators

ICIDL|00� = |12�	 | � → | + 2�|21� = |00� | � → | − 2�|10� = |22� | � → | + 1�|11� = |20� | � → | − 1�|12� = |21� | � → | �
&(ICIDL + ICLID)C,D = FO7 + FO= + F; + F}= + F}7
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PCUT

� � = �,# � = −2FO7 � − FO=(�) + F}=(�) + 2F}7(�)
Modified Generator:� � = �,# � = −FO7 � − FO=(�) + F}=(�) + F}7(�)
modified generator preserves the initial block band structure.

# � = 92� + {FO7 � + FO= � + F; � + F}= � + F}7 � }
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Flow equation

!#(�)!� = � � , # �= [−FO7 � − FO=(�) + F}=(�) + F}7(�), H � ]
��F; � = 2[F}7(�), FO7 � ] + 2[F}=(�),  FO= � ]��F}7 � = −9F}7 � + [F}7(�), F; � ]��FO7 � = −9FO7 � − [FO7(�), F; � ]��F}= � = − «7F}= � + 2[F}7(�), FO= � ] + [F}=(�),  F; � ]��FO= � = − «7FO= � + 2[F}=(�), FO7 � ] + [F;(�),  FO= � ]
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Solving flow equation

FR � = &FR � (�)�
�[=

Example:

��F}7 � (�) = −9F}7 � (�) +&[F}7 D (�)�O=
D[= , F; �OD (�) ]

��F}7 = (�) = −9F}7 = (�) F}7 = � = F}7 0O«�
#s�� = «7� F; + =« ([F}7, FO7] [F}=, FO=]) + 7=¬8 ([F}7 F;, FO7 F}7, F;], FO7=¬= 	([F}= F}=, FO7 F}7, FO=], FO= 7¬= 	([F}= F;, FO= F}=, F;], FO=
#s�� = «7�+F; + =« ([F}7, FO7]+[F}=, FO=]) + 7=¬8 ([F}7,[F;, FO7]]+[[F}7, F;], FO7])-=¬= 	([F}=,[F}=, FO7]]+[[F}7, FO=], FO=])+

7¬= 	([F}=,[F;, FO=]]+[[F}=, F;], FO=])
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#s�� = #; +#= +#7 +⋯
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Small coupling results
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