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Ergodic Theory 

 
 

• Phase spase        𝑅4 ↔ 𝑇2 ≔ { 𝜃1, 𝜃2 :   0 ≤ 𝜃1, 𝜃2< 2𝜋} 
 

• Dynamical system       (𝕋2, 𝑇 = 𝑇1,
𝑑𝜃1 𝑑𝜃2

4𝜋2
) 

 
  Where the Hamiltonian flux  is  𝑇𝑡(𝜃1, 𝜃2)=(𝜃1 +ω1𝑡, 𝜃2 +ω2𝑡). 

 
• Ergodic dynamical system 
 

 
 

𝐻 𝑟 = 𝐻1 𝑟 + 𝐻2 𝑟 ,              𝐻𝑖 𝑞𝑖 , 𝑝𝑖 =
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                             𝑖 𝑥 =    … . 10001 …        

                      𝑇𝜎 𝑖 𝑥 =    … 10001 …              

(𝕋2 , 𝑇𝐵 , 𝑑𝑥 𝑑𝑦) 

Symbolic dynamical system     (Ω2, 𝑇𝜎 , 𝜋)  

𝜋(𝑛) 𝑖 𝑛 =
1

2𝑛
        where      𝜋(𝑛) 0𝑖1… 𝑖𝑛−1 + 𝜋(𝑛) 1𝑖1… 𝑖𝑛−1 = 𝜋(𝑛−1) 𝑖1… 𝑖𝑛−2  

𝑡𝑟𝑎𝑗𝑒𝑐𝑡𝑜𝑟𝑦:        𝑖 𝑥 =  …    10001 …  
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Symbolic dynamical system and Baker map 



KS-Entropy 

• Entropy rate 

 ℎ 𝜋, 𝑃 = lim
𝑛→∞

1

𝑛
𝐻(𝑃(𝑛)) 

• KS-entropy  
ℎ 𝜋 = sup

P
 h(π, P) 

 
 
 
 

𝐻 𝑃 1 = −𝑝 0 log 𝑝 0 − 𝑝 1 log 𝑝(1) 𝑝0 

𝑝1 

𝑝00 
𝑃01 
𝑃10  
𝑃11 

𝐻 𝑃 2 = −  𝑝 𝑖1𝑖2 log 𝑝 𝑖1𝑖2
𝑖1𝑖2∈Ω2
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Symbolic dynamical system     (Ω2, 𝑇𝜎 , 𝜋)  



Turing machine and binary coding 

0 0 1 1 1 0 0 0 

0 0 0 1 1 0 0 0 

0 0 0 0 1 0 0 0 

0 0 0 0 1 0 0 0 

(𝑞1, 1) → (𝑞2, 0, 𝑅) 

(𝑞2, 1) → (𝑞3, 0, 𝑅) 

(𝑞3, 1) → (𝑞4, 1, 𝐿) 

0 → 0 
1 → 00 

𝑞𝑖 → 00…0   𝑖 𝑡𝑖𝑚𝑒𝑠 
𝑅 → 0 
𝐿 → 00 

A= 01001001010  11 

B= 0010010001010  11 

C =00010010000100100   11 

Program: 1 0000
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑠𝑡𝑎𝑡𝑒𝑠

11 00 
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑙𝑝ℎ𝑎𝑏𝑒𝑡𝑠

11  A B C 111 



Kolmogorov complexity 
• 1111111111111111111111 
         Print  1     20 times 

 
• 111000111000111000111000 
• Print 111000  4 times 

 

• 1010100011101011010100 
 

• Kolmogorov is defined as algorithmic (descriptive) 
complexity of an object  𝑖1𝑖2  … 𝑖𝑛  as the length of the 
shortest binary computer program that describes the 
object    𝑖1𝑖2  … 𝑖𝑛. 



Brudno Theorem 

• If Ω2, 𝑇𝜎 , 𝜋  be a binary ergodic source with entropy rate ℎ 𝜋 . Then, 

              K 𝑖 = 𝑙𝑖𝑚𝑛→∞  
1

𝑛
𝐾 𝑖 𝑛 = ℎ 𝜋  , 

      for almost all trajectories 𝑖 ∈ Ω2. 
  
𝑲 𝒊      
•  Quantum qubit complexity                                      Berthiaume, van Dam, Laplante 
•  Quantum bit complexity                                            Vitany 
•  circuit quantum complexity                                       Mora,  Briegel 
•  Gacs quantum algorithmic complexity                    Gacs 

 
KS-entropy    
• Non-commutative generation of KS-entropy           Alicki, Fannes 
• Decomposition of states                                              Connes,  Narnhofer, Thirring 



semi-computable  Semi-measure 

• A positive function 𝑓: Ω2
∗ → 𝑅 is called a semi-measure  if 

 𝑓(𝑖)

𝑖∈Ω2
∗

≤ 1. 

•   It is a semi-computable function if there is a monotonically increasing 
sequence 𝑔𝑛(𝑥) of functions converging to it such that (𝑛, 𝑥) → 𝑔𝑛(𝑥) is a 
computable function mapping into rational numbers. 

 
• Theorem. There is a semi-measure semi-computable 𝜇: Ω2

∗ → 𝑅 such that 
for any semi-measure semi-computable 𝑓 there is a constant 𝑐 > 0 such 
that  

𝑐𝑓 𝑖 ≤  𝜇(𝑖). 
 

• Relation between semi-measure and Kolmogorov complexity  

𝐾 𝑖 𝑛 + 𝑐1 ≤ − log 𝜇 𝑖 𝑛 ≤ 𝐾 𝑖 𝑛 + 2 log n + c2  

 



Quantum algorithmic complexity 

• Elemetary semi-computable  

𝜌𝑛 = 𝑎𝑖(𝑛)  |𝑖
(𝑛) >< 𝑖(𝑛)|

𝑖(𝑛)

 

• Semi-computable semi-density matrix       
  𝑇𝑟 𝜌 ≤ 1      ,    

          there is a sequence of quasi –increasing  of elementary semi-computable 𝜌𝑛 ↗ 𝜌  
 

• Theorem. There  is a universal semi-density semi-computable matrix 𝜇  such that 
for any semi-density semi-computable matrix 𝜌 there is a constant 𝑐 > 0 such that  

𝑐𝜌 ≤ 𝜇 . 
 
• Gacs algorithmic complexity 

𝐻 𝜌 = −𝑇𝑟(𝜌 log 𝜇 )  ,   𝐻 𝜌 = − log𝑇𝑟(𝜌 𝜇 ) 
 
 



One dimensional Quantum spin chain 

• 𝑀[−𝑛,𝑛] = 𝑀2 ℂ ⊗𝑀2 ℂ ⊗⋯⊗𝑀2 ℂ   , 2𝑛 + 1 𝑡𝑖𝑚𝑒𝑠 

 
• Quantum spin chain (𝑀, Θ𝜎 , 𝜔) 

 

• 𝑀 = lim
𝑛→∞

𝑀[−𝑛,𝑛] 

 
• Dynamic Θ𝜎:      

…1−𝑛−2 ⊗1−𝑛−1  ⊗ 𝐴⊗ 1𝑛+1 ⊗1𝑛+2
→ ⋯1−𝑛−1 ⊗1−𝑛  ⊗ 𝐴⊗ 1𝑛+2 ⊗1𝑛+3 

• State 𝜔:𝑀 →  ℂ is a translation invariant over 𝑀 where 
𝜔 ∘ Θ𝜎 = 𝜔 

 
 
 
 
 
 
 



Example for translation invariant state 

• Let 𝐴𝑖𝑗𝑘 = 𝐴𝑖 ⊗𝐴𝑗 ⊗𝐴𝑘 
 

• 𝜌(2) = 𝑎 𝐴00 +
1

2
− 𝑎 𝐴01 +

1

2
− 𝑎 𝐴10 + 𝑎 𝐴11 

• 𝑇𝑟{1}𝜌
(2) = 𝑇𝑟{2}𝜌

(2) =
1

2
𝐴0 +

1

2
𝐴1 = 𝜌(1) 

 

• 𝜌(3) = 𝑏𝐴000 + 𝑎 − 𝑏 𝐴001 + 𝑐 − 2𝑎 +
1

2
𝐴011 + 𝑎 − 𝑏 𝐴100 +

              𝑏 − 2𝑎 +
1

2
𝐴101 + 𝑎 − 𝑐 𝐴110 + 𝑐 𝐴111 

• 𝑇𝑟{1}𝜌
(3) = 𝑇𝑟{3}𝜌

(3) = 𝜌(2) 

 
• 𝜔 𝐴 = 𝑇𝑟 𝜌 𝐴 ,         where     𝜌 = lim 𝜌(𝑛) 

 



Result  

• Theorem. Let    𝜌(𝑛) ∈ 𝐻[−𝑛, 𝑛]  be a 

computable sequence of semi-computable 
density matrices giving rise to a  shift-invariant 
state 𝜔 on the quantum spin chain  𝑀. Then 

 

lim
𝑛→∞

𝐻 𝜌(𝑛)

2𝑛 + 1
= lim

𝑛→∞

𝑆 𝜌(𝑛)

2𝑛 + 1
= ℎ𝜔

𝐶𝑁𝑇(Θ𝜎) 
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