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Why do we need the Dirac Equation?
The Dirac Equation The mathematical Formalism

Klein-Gordon equation

Dirac equation

Schrodinger Equation and Lorentz Transformation

0 h?
h—1 = |—=—V2 4+ V
I 8tw [ 2m * ] v
» The Schrodinger equation is based on a non-relativistic ansatz.
» The Schrédinger equation is linear in time, but not in space.

» The Schrédinger equation is invariant under Galilei
transformation, but not under Lorentz transformation.
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Formalism (1)

Coordinates
A point in space and time is represented by a 4-vector
xt = (x%, xK) = (x0, x1, x%, x3) where x® = ct and x¥ =r

Covariant and contravariant vectors
We have to distinguish between covariant and contravariant
vectors. They are connected by

J— v __ v
au = § Buvd = 8uwa
14

1 0 0 O

i i : 0 -1 0 O

where g, is a metric tensor with g, = o 0 -1 o
0 0 0 -1
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Formalism (2)

Lorentz Transformation
The Lorentz transformation along the x-axis is given by

x' = y(x — vt)
v
t'=(t— ?x)

where v =1/4/1 — Z—z By introducing the matrix Al the
transformation becomes

X" = NExY
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Formalism (3)

Scalar product of vectors

The scalar product of two vectors a# and b* is defined as follows:

aub"' = a'b, = a°° —ab

Gradient
We keep the differential operator V and define a covariant and
contravariant vector

9, = (9/0ct,V)
o = ghvg, = (9/dct, —V)
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Formalism (4)

Electromagnetic fields
The electrical potential ¢(r, t) and the vector potential A(r, t) are
combined to a 4-vector

A= (¢, A)
Units
Without getting any problems we can set i =c = 1.
xt = (ct,r) — (t,r)
p* = (E/c,p) — (E,p)
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Relativistic Wave Equation

In order to obtain a relativistic wave equation we start with the
relativistic relation between the energy, the momentum and the
mass of a particle:

E? — p2 + m?

From analytical mechanics we get the Hamiltonian for the motion
of a charged particle in an electromagnetic field:

1
H= ﬂ(p—eA)2+e<p

. . I . 2
Comparing this to the Hamiltonian for a free particle (Hp = $-)
we obtain a substitution for H and p:

H—H—-ep and p—p—€eA
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Klein-Gordon equation

Making the substitutions for E and p leads us to
(E—ep)® = (p—eA)> + m?.

Now we can perform the substitutions given by Schrédinger
(E — i%, p — —iV) to get a quantum mechanical equation, the
Klein-Gordon equation:

(5 — e0)® = (3V — eA)] v = m*y)
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Klein-Gordon equation (2)

Now we can rewrite the Klein-Gordon equation to obtain a more
compact form.

[—(iaat —ep)? 4 (—iV — eA)? + m2] =0

[(gt + iep)? + (V — ieA)(—V + ieA) + m2] Y =0

By introducing the 4-vector operators
Dy =0, + ieA, = (Z + iep,V — ieA) and
Dt = ot + jeAF = (% + iep, —V + ieA) we finally get

[D.D* + m*] ¢ = 0.
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Problems of the Klein-Gordon Equation

» Energies can be negative
» Probability density is negative for negative energies
» The time dependence is not linear

» The equation describes particles with spin 0

Solution
We have to linearize the equation, i.e. to find an equation that is
linear in p* and leads to the Dirac equation.
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Dirac equation

Ansatz
In order to find a wave equation that describes a free electron
Dirac made the ansatz

Hp = a.p+ Bm.

a = (ay, ay, o) and (3 are hermitian operators only working on
the spin variables of the system.

The wave equation becomes

Ey = Hpy = [oep + Bm] ¥
or

[E—a.p—p(Om]y=0.
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Properties of a and 3

Furthermore we claim that solutions to [E — a.p — Sm] 1) = 0 also
solve the Klein-Gordon equation. To obtain an equation with
second order in time we multiply with [E + a.p + #m] from the
left side and compare the result to the Klein-Gordon equation
[E2—p?—m?|y =0.

This leads to the following constaints for a and 3:

(aw)? =1
(8)> =1

ooy 4+ aja =0 (k #* /)
ok + Pax =0
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Dirac equation with electromagnetic fields

Starting from the Dirac equation for a free electron

[E—a.p—Fm]y=0

we perform the substitutions E — E —ep and p — p — eA and
get

[(E — ep) — a.(p — eA) — im] v = 0
or
[(i2: — ep) — a.(—iV — eA) — Bm] ¥ = 0.
The Hamiltonian becomes

Hp = ep + a.(p — eA) + Sm.
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Covariant Dirac equation

To get a covariant form of the Dirac equation we multiply

[(Ié)at —ep) —a.(—iV —eA) — ﬁm] P =
from the left side with 3 and get
i = 0) ~ (1% — eA) ~ Gim| v =
Now we define some new operators:
=002 = (%)

Y= ~v=pa
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Covariant Dirac equation (2)

Finally we put it all together and get (3° = 1,D,, = 9, + ieA,):

yo(i% —ep) —vy.(—iV—eA)—m| ¢ =0.

[i7"(8,, + ieA,) — m] ¥ =0

[iv*D,, — ml¢ =0
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Representation of ¢ and 3

We found earlier:

() =1
(B =1

akay+ o =0 (k#1)
axf+ Bax =0

» The relations above can not be satisfied with real or complex
numbers — « and (3 could be matrices.

» The Hamiltonian Hp = ey + a.(p — eA) + Sm is hermitian,
so must be a and (3.

» (ax)? =1 and (3)?> = | — The Eigenvalues are £1.
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Representation of a and ( (2)

» The trace of a and (3 is zero:

Tr(ax) = Tr(Bfou) = Tr(Bawf) = —Tr(awBB) = —Tr(ax)

— The dimension N of e and (3 is even.

» For N = 2 there are only three linear independant hermitian
matrices with a trace of zero (Pauli matrices):

/01 (0 —i /1 0
1=11 0 2= o 3=\ 0 -1

» The smallest possible dimension is N = 4 and one
representation is

[ 0 o (1 0
(@) =6 %)
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Representation of +*

And finally we can write down v* = (3, fa):

10 0 0 0 0 0 1
s |01 0 o . | o 0o 10
7100 -1 o0 T 0o “1 00
00 0 -1 1 0 00
0 00 —i 0 01 0
, | o0 i o . | 0o 00 -1
T7 0o i o0 o T 2100 o0
i 00 0 0 10 0
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Solutions with negative Energies

For an electron in rest the Dirac equation becomes

iﬁ ¢ =m 10 ¢

ot X N 0 -1 X ’
The solutions are ¢ = e ™0t and y = et™“0f_ The energies become
Ey = +hwo = +mc? and E, = —hwg = —mc?.

Interpretation

» Dirac — All energy levels below zero are occupied (Dirac sea).

» Stiickelberg — The solutions with negative energies are
propagating backwards in time. So these solutions describe
antiparticles propagating forward in time with a positive
ernergy.
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g factor of the electron

) -[(2 7)o e (5 )meed] (9

Using the approximation y ~ ﬁ(a.P)qf) and P =p — eA we
obtain a differential equation for ¢:

8(/5 1
50 = S (e P) (0P + epo
Rewriting the equation by using B =V x A and e = —|¢|
(electron charge) leads to a Schrodinger like equation:
8¢ 1, . > el
50 = | (Y + el AV + 0B — [elg|
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g factor of the electron (2)

o9 1, . > e
5 = [2m(—/V—|— le|A)” + 2ma.B— le|le]| ¢

Now we compare this equation to the Pauli equation (Schrodinger
equation for a particle with spin):

v [1, s e
5 = | 5 el + B~ el

Comparing with u = g%s, where s = %0, leads to g = 2.
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The Hydrogen Atom Energy Levels of the Hydrogen Atom

The Hydrogen Atom

We aim to find the energy levels of the hydrogen atom.

Therefore we have to solve the Dirac equation with a central

potential V(r) = %‘92 The Hamiltonian for such a problem is

Hp = a.p+ 8m+ V(r).

As the problem is spherical symmetric, the Hamiltonian obeys the
relations
[HD, J] =0 and [HD, P] =0

where J and P are the operator of the total angular momentum
and the parity operator respectively.
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Quantum Numbers

We assume that the wave function

=)

is an eigenfunction of J, J; and P with the quantum numbers J,
M and

+1 for states with parity (—)’*
—1 for states with parity (—)’~

(Q)-aren(?) ()=o)
() -cr(2)
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Dirac Equation with a Central Potential
Separation of the Radial and Angular Components

The Hydrogen Atom Energy Levels of the Hydrogen Atom

Eigenfunctions of the Angular Momentum

The function Y may be the eigenfunction of the state (JM). The
functions parity is (—)t. L can be obtained in two different ways:

1 . 1
L=i=J+zrs L=l=J-3x

Consifiering p(©) (;’z) = (—)J+%”(_¢X) we can define the wave
equation

1(F(nYY

r\iG(r) Y

where F and G are arbitrary functions. We separated the radial
and angular components.

M
wnJ =
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Separation of the Angular and Radial Components of Hp

We have to solve the problem HDw,’Z = Eqpﬂ.

Therefore we introduce p, = —i%%r and a, = (a.F). In order to

obtain another expression for a..p we calculate
(ar)(a.p)=rp+iocl=rp +i(l+o.L).

Now we multiply this equation with a,/r from the left side and use
the identity a? = 1:

i
a.p=q (p, + ;(1 + a.L)>
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Derivation of F and G

With the expression for c..p we write down the problem again:
i M _ oM
oo (b L)) = mo s v ot - £
From this equation we get two coupled differential equations:
d w(J+3
[ L RU+3)

- G=(E-—m-V)F

F=(E+m-V)G

d k(J+1
[+<2>
dr

The differential equations can be solved be assuming that F and G
can be represented by a power series. This leads to an expression
for the energy levels of the bound states of the hydrogen atom.
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Energy Levels

Finally we can write down an expression for the energy levels of the
hydrogen atom:

E, = 1+ ——
nJ m[ +(n_€J)2

1 1
q:J+—¢U+2y—Z%4

2
or
Z24 Z242
Eyoml|io2 (Ze)( n 3},
2n? 2n* J+% 4
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Energy Levels for several Quantum Numbers

n | J Eny

1S: |1 0 32 my1-2Z2*
2

251 |2 0 1 my/iazZe
2

2P, |2 1 1 my/iAZZ
2

2P; |2 1 2 24— 72
2

» The states of the principle quantum number n are not
degenerated completely any more.

» The states 251 and 2P1 are still degenerated. They have the
same quantum numbers n and J, but a different parity.

» Experiments show that 25; has a higher energy than 2P,
— Lamb shift. ’ ’
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