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APPENDIX

. ¥
We provide here a theoretical justification to the “Residuals of Regression” method de-
scribed in Sec. 3.5. For simplicity, we suppose that the time series is fractional Gaussian
noise with unit variance (the proof for fractional ARIMA is essentially the same).
" Recall that, to apply this method, one divides the time series into blocks of size m. Within
“ " each block one computes the partial sums {V;, t = 1,..., m}, fits a regression a bt to these

© . portial sums, and then computes the sample varisixce. The claim is that the expectation of

© i-the sample variance is asymptotically proportional to m3¥.

M

Theorem m
ELY (i-a-th)~Cym™ asm— oo,
M =i

where

(3 1 - 2
C”’(23+1+H.+2 H+1)' (8.1)

Proof. Since the data is supposed to be fractional Gaussian noise, the partial sums ¥;’s are
fractional Brownian motion, and thus their covariance is given by Eq. (2.1). Moreover, the
slope b and intercept a of a least-squares line on Y; from 0 to m are given by:

Tw-1¥ny: Sw-Fyv
b= t=] t=] t=1 . t=l 5 t=1 (5 2)
m m m3/f12 ! )
So-L(% /
=1 - ™ \=1
1 & 1 & 1 & mb
» a=;lt=ln—;t§u_;§1x--§-. | (5.3)
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In the equation below, all of the sums are fromt=1tot =m.

E Y (Y —a=biy?
“E(C R+ TG -2 ati-2 Y hi+2 Y abt)
~E(Y x’)+ms(a=)+ﬁ‘;-z(b2)-w(azn)-zz(bzen)+m’s(ab)
-5(C¥) +mE (R TH-F) '+ T o) - (b T on)
QRS -
=E(¥ Y,’)+-:;E(§: Y,)’-ms(bz n)+'i;-§3(a=)+1"§33(b2)

—%E-(ZYc)z-i-mE(bZY;)-;2E(;Etl’:)+mEi(b.ZYt)--—m2—sE(b’)
=E(§:x=)+£‘.’.E(b’)+mE(b§:n)—%E(zn)’-w(bzm)
—E(S )+ B[(B) B(E m-T 5 )]

+mZe(T T n-F(Tw))

-lp(ryv)-22k (Ew)y-3LmEw)
=E(C W)+ BT m) - SE(EC M)+ 2B (T X)’
BT IR -E(T W) - 2B (Tw) - (T )

+ZE(T ML)
=E(T W) -2(Tw)' - BE(Z )+ ZE(T T v)

oo | »

—A—~B—

* In this equation we have represented several terms by A, B, C, and D respectively, and
we will calculate them below.
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m 2 o
B:=E (5: 14) }_‘; }: E(YiY:) = Z Z o"’ K 5~ k|”')
ta=1

J=1 k=1 j=1 k=1

(JZH k?H) Z Z G- k)ﬂl

i=1 k<)

I
i3
i Ma

242 ( 1 _ 1 ) - miH+2 rs
2H+1. (2H+2)(2H+1) 2H+2°

C:=E (i Y: f: ﬂ/‘) 2 E (JIH-H +k2HJ - jlj - kl’”)

$==1 $=1 =1 hl

“22202"+1+Jk2”)~~221(,7 k)’” ZZJU k)le

¢ j=1 k=l j=1 k<j f"l k>j

1 ’ ng"'a mmﬂ
2 (211 27 2(2H+1)) 3 ’g e ( f (1 - 2)*Hdz ~ / 2(1 - 2)dz)

R

m2_H+‘3 ( 1 A 1 ) miH+3 ( 1 » 1 )

> \Fr1 iH+1) R ) \2H 1 CGH+DEH+1)

__m"“?( 2 1 )
T4 \H+1 2H+1/

Next

m m
D= E( ty;) Z Z _;_(j2ﬂ+lk+jk2ﬂ+l __jklj - qu)
t=1 j=1 k=l
m

NIH

Z Z(Jﬂl-lv-lk +jk2H+l) - i Z k(G - k)ﬁH

74 =1 k =1 k<j

A + : 1 [ m3fi+e
E 2 (2H+2
: "4(H+1)'.§F+4(2H+1°2H+2)

- f: jH j; z(1 - z)y*¥dx

=1

IH

i . _ miH+4 1
e | TCES)Y) ( (H+2)@H + 1)) ‘
Therefore, going back to Eq. (5.4):

E)‘_j(y—a bt)? = A——B ...50__1_2_9 Cym+t |

; ) =1

L where Cy is given in Eq. (5.1). Dividing the terms in this last expression by m yields the
result.
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