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Is = I − 2|s〉〈s|, X5Y
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W �	#" ��#�C ;〈s|xj〉 = 1√
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Is|xj〉 = |xj〉 − 2
1√
N

|s〉 = |xj〉 − 2√
N

|s〉. X6Y

W!# "�� ��#�C -���' �)�� ��" �Z# |ψ〉 =
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∑
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∑

i

ai|xi〉 − 2a|s〉 X7Y
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� #� f�< ���� *��# |ψ〉 ���� ��� �1�#" $���� a := 1
N (a1 + a2 + · · · aN )  ��" ��

Is|ψ〉 =
∑

i

(ai − 2a)|xi〉 =:
∑

i

ãi|xi〉. X8Y
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√
N) "#�5� �� �7�D ��%(' �Z# �� �� ��"  �:�

W �1� 
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|w〉 =
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1
0
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, |r〉 =

(
0
1

)
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7

|s〉 =
1√
N

|w〉 +

√
N − 1
N

|r〉 =

( 1√
N√

N−1
N

)
. X11Y
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Uf = I − 2|w〉〈w| =
( −1 0

0 1

)
, X12Y
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Is = I − 2|s〉〈s| =
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1 − 2
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N

√
N − 1

− 2
N

√
N − 1 −1 + 2

N

)
X13Y
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G = −IsUf =
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1 − 2
N

2
N

√
N − 1

− 2
N

√
N − 1 1 − 2
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)
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15� ��# ���5�� ��%(' ����%(' 6�# �� �1� i3_� ��#�� 
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��#�� ��1�#�C
W�1� 
� 4��5� ��! �&	 �� #� θ  #�7" ���#��H ;�%_� ��#"# �#�� *��� |w〉 7 |r〉 $��� ��	 @7��+ �_9.�"

cos θ = 1 − 2
N
, sin θ =

2
N

√
N − 1, X15Y

W��� ��#�C�" ��! �&	 �� �7�D��%(' P��� 6�# �� 7

G =
(

cos θ sin θ
− sin θ cos θ

)
. X16Y

�&1�# �#�� *�� # ����C�Qmθ ��7#! �!#��# �� #� ����  � �&1�# 
15� ��"�Z# ��� m #� �7�D ��%(' |s〉 ��7# ���� �7� ��D��
�1� @��� #� 〈w|Gm|s〉 
������ �G1' ����� 
� ��# ��	 ��"O� |w〉 
15� @�%F� ���� �� �#�3� �Q ���� 6�# �1��

W�� �	 ��#�C ��#�� ��

〈w|Gm|s〉 =
1√
N

cosmθ +

√
N − 1
N

sinmθ. X17Y

��" �#�L �D#

cosα =
1√
N

, sinα =

√
N − 1
N

X18Y

W �	#" ��#�C �����

〈w|Gm|s〉 = cos(mθ − α). X19Y

*m ≈ α
θ �� �1� 
� �=�3� ���� "�C �8�#�� �� 
��	�V(� 6�# �� 6�# �#��

7 cos θ = 1
2 ���#" ���� 6�#�" *�	�� N = 4 �� ��# 
���� �� /���� �<���"  #�� 
� "7! �� P��+ 
%C �)�� ��

�� 7 cosα = 1
2

α =
π

3
, θ =

π

3
,−→ m = 1 X20Y
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� 
15�
���#" ��# N�O� 
%C N �� 
�L7 �#��

α ≈ π

2
, cos θ ≈ 1 − θ2

2
= 1 − 2

N
,−→ θ =

2√
N
, X21Y
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√
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√
N ] 
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P (N) := cos2([
π

4

√
N ] cos−1(1 − 2

N
) − cos−1(
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N

)). X22Y
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|s〉 = H⊗N |0, 0, · · · 0〉 =: H⊗N |0〉, X23Y

W �	��  #�� 
� 6�#���1� *��# "���#"�� ��%(' H  ��" ��

Is = H⊗NI0H
⊗N X24Y

�o#�� 6�C�� �#� *��!��� #� Is �#��  � �7� !# ��#�� 
� ��!��� #� I0 �o#�� �� ��D�� 6�#���1� * I0 = I − 2|0〉〈0|  ��" ��
W�1� 
� �(' ��! -��. �� I0 ���� �� �� �#�� \�8�  #�1' �� *�1� �+��  � 
������ �&	 �� �� ��#  � I0

I0|000〉 = −|000〉
I0|001〉 = |001〉
I0|010〉 = |010〉
· · · X25Y

p



*I0 �o�%(' �#�� Wn �&	

*Is �o�%(' �#�� Wp �&	

�1	�� �9. �� ��#�� \7# ���� 7" 
�L7 $3< �� ��# ControlledPhaseGate !�< 
���1� ��%(' �� I0 �� ��# B�%5� UH
*��# ��	 ��� p 7 n ��� �&	 �" Is �o�%(' �#�� �)�� �" 7 ��%(' 6�# �#�� *�1� 
� �(' �C� ���� �7� −Z ��%('

*"�	 
� \�5< 0 �o#�3� �� �>���� 
���1� �� �� ���15� 6�# �� �9� ���#"

��
�� �
�� �� ����� �����	
� ������ ��� ���

�&	 !#7 ��	 
&Q�� ����FC ��Q" ��# ��	 �0� 
.�C ��K1� �#�� �� @�%F� ���� �� �� ��<# 
� f�9�# -�L7# P%A#
 #�� 
� *�	��� J���"�" �L"  � �� ��# 6&(��7�D ���������" |s〉 ���� \�8�  #�1' �� *��# ��<�D �%.�< "�C ��7#
6�# �9� �� ��3Q 7 ��<# 
� 
L�9�# �Q �1� ?7�	  � �� ��"O� 
���� �� #� �7�D �������� |s〉 ���� ��+ �� �D# �� ���H

q



W ��#��! ��)10� ���� ;�� �"�9��# "��� ���� �� �1� e�< ?�=�� 6�# 
���� �#�� *��� 
� P�� ��������

|s̃〉 =
N∑
i1

ai|xi〉, X26Y

-���'  �1�# |r〉 ���� �� -7�9� 6�# �� �1� 
� 
> ��	`D �8� #� �������� ��!�� -��. 6�#�" *∑N
i=1 |ai|2 = 1  ��" ��

W!# ��#

|r〉 =
1√

1 − |aw|2
∑

xi �=w

ai|xi〉. X27Y

�#"�� ��	#" |r〉 7 |w〉 ����#"�� �#�� 
%�L ME��" �� �# �9���7" M��(�  �(� �� * 〈r|w〉 = 0 ��!�� �� ��# 
5�>
W��� ��#�C�" ��! �&	 �� |s̃〉 ����

|s̃〉 =
(

aw√
1 − |aw|2

)
, X28Y

�	#" ��#�C �)���" 7

Is̃ = I − 2|s〉〈s| =
(

1 − 2|aw|2 −2aw

√
1 − |aw|2

−2aw
∗√1 − |aw|2 − 2

N

√
N − 1 2|aw|2 − 1

)
, X29Y

W��� ��#�C�"��! �&	 �� �7�D ��%(' �)��!# 7

G = −Is̃Uf =
(

1 − 2|aw|2 2aw

√
1 − |aw|2

−2aw
∗√1 − |aw|2 − 2

N

√
N − 1 1 − 2|aw|2

)
. X30Y

W"�� ��1����#��H ��! �&	 �� #�  �  #�� 
�7 ��# 
��&� ��%(' �� ��%(' 6�#

G =
(

cos θ sin θeiφ

− sin θe−iφ cos θ

)
, X31Y

 ��" ��

cos θ = 1 − 2|aw|2
, aw = |aw|eiφ. X32Y

�� �<���"  #�� 
� 
��#��

Gm =
(

cosmθ sinmθeiφ

− sinmθe−iφ cosmθ

)
, X33Y
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〈w|Gm|s̃〉 = aw cosmθ +
√

1 − |aw|2eiφ sinmθ. X34Y

; aw = |aw|eiφ �&1� # �� �+���� 7

〈w|Gm|s̃〉 = eiφ
(
|aw| cosmθ +

√
1 − |aw|2 sinmθ

)
. X35Y
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Pm = |〈w|Gm|s̃〉|2 = cos2(mθ − α). X36Y

|s̃〉 ���� �&��)��!#��# *m ≈ α
θ �� ��#��#�� �� �� Pm  �	 ��"O� �#�� B!a -�5<" "#�5� �� �(0<  #�� 
� �F�#� 6�# !#

���" \a���# �3� �)���" *���#" 1√
N
"7���" �# �!#��# aw �%(+!# axi ��� �1�#" �(� "�#" |s〉 ���� �� 
(� -7�9� �01�
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