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π2 )� +�� k ./5; .�A� �*�9�

�& N�� �- 
/5- �I� ���� �
� 1�& � �\L% )� +7� +7���% &� P (k) N�� o �7� &� �1/5- +� �2% k = Q
r �\L% 0K ��

�1�� ���� �=% �& N�� V�5� 	� �&�� )� +7� 45� � 1�����- 1�& k/Qb 9��
� �& r_�'��6 ��'� +� )'5� �- 
�� +� �=% �& �\L% .�� w��l� &� V'J k �� ���- �
/6 �*�9� !��&'J &'�� H\�
�/\� � �9 � ���� �
� ���� �=%_�/\� � H\� )� ��=/� K*� � ��&'J &'�� H\�_�9 � ���- �
/6 �� .� %��

P� ��������

2 × 1
2
× P (k =

mQ

r
+

1
2
) = P (k =

1
2
) =

1
QA

(
sin πrA

2Q

sin πr
2Q

)2 S21T

x



P� ��� �����K"��L� W&"� .�� ��/�%&� � πr
2Q 
 1 � Q ≈ Ar �- 1/%�� +� ��

4
π2

1
r
. S22T

	� k ���- �
/6 �*�9� 1�&�� �'��6� r ��
B� �- �%� )� � ��� ��=/� &�
L� .�� )� ��&'J &'�� �* I �9 � .����5�
��'� 
��'J ��=/� 4

π2 )� V'J
��
� 	��
�� N\I &'l �� ��� �
55- �"p 	�/� �)�
%� &� ��� �'��6 �� )� +#/#C V�M� Q �- ��� �39 &� �C0J &'\�
4

π2 )� ��=/� �*�9�� ,�� �39 &� � 
�� +� ��
� m
r W&'C �� 	��
�� 1/5- 1/ L� Q �� �& 4%� ���� &� �- 1�&�� +�

���- �
/6 	� ��*: 
5; ��) &� �& r ��'� +� W&'C ���� &� ���'% m
r W&'C �� �& 4%� ��'� +� �- 1�&�� +� ��
� 	��
��

�� W&'C �� ��'� +� �& +�'�%�'- ��&'A ��
"� 1/�� �=% �- ��� �� ��� �
%� +I� ��> 1��&'23� )� �- 	�/; 45�
�1/�� +� ,�%� 	
B� O8� &� �& &- .�� ��J� S�2�*� +*- ��
B� � +5B�T 
��&- W&'C �� 14%� +�'�%�'- &�
�

�������� ����� ����� �

N W_ �"�/� 	MA �� �- 
/5- R�A �1/5- +� j��B���) W&'C �� +\J ��2% �� W&'C �� �& +�'�%�'- ��&'A ��
"�
� +�'�%�'- ��&'A ��
"� W&'C .��&� �1/�� +� �=% {|0〉, |1〉, |2〉, · · · |N − 1〉} � �& �� ��6 	�&���� �- 1�&�� 	
B�

P�'� +� j��B���) W&'C �� Quantum Fourier T ransform (QFT )

U |k〉 =
1√
N

N−1∑
l=0

e
−2πikl

N |l〉. �23�

P
� 
5��'J ��
"���) �7� �� ��&'A ��
"� �#�&���� .�� 	� �<3'� 
�� MA .��&� ��'83�&���� �� |f〉 ����

〈k|U |f〉 =
1√
N

N−1∑
l=0

e
2πikl

N 〈l|f〉, S24T

��

f̃k =
1√
N

N−1∑
l=0

e
2πikl

N fl. �25�

y



�������	 
��� ����� 
����� ���� �������	���� �� ���

P�����) �7� �� +�'�%�'- ��&'A ��
"� �- 1/%�� +� ���� 2m − 1 ��� 	�
� N �- 1/5- +� R�A +��� 	���

U |a〉 =
1√
N

∑
b

e
2πiab

N |b〉, a, b ∈ ZN . �26�

�- 1/%�� +�

a = (a1, a2, a3, · · ·am) = a1 × 2m−1 + a2 × 2m−2 + · · · am × 20,

b = (b1, b2, b3, · · · bm) = b1 × 2m−1 + b2 × 2m−2 + · · · bm × 20. S27T

.����5�

U |a〉 =
1√
2m

∑
b

e
2πia
2m [b1×2m−1+b2×2m−2+···bm×20]|b〉

=

(
1√
2

∑
b1

e
2πiab1

2 |b1〉
)(

1√
2

∑
b2

e
2πiab2

22 |b2〉
)
· · ·
(

1√
2

∑
bm

e
2πiabm

2m |bm〉
)

S28T

P��'% �/%��) �7� �� �& ���& �*� W&"� ��'� +� ��

U |a〉 =

(
1√
2

∑
b1

e
2πiamb1

2 |b1〉
)(

1√
2

∑
b2

e
2πi(2am−1+am)b2

22 |b2〉
)

· · ·
(

1√
2

∑
bm

e
2πi(2m−1a1+···2a0)bm

2m |bm〉
)

S29T

1/ �'5� 1/%�'� +� .����5�

U |a〉 = |φ1〉|φ2〉 · · · |φm〉, S30T

��&� �-

|φ1〉 :=
1√
2

[
|0〉 + e

2πiam
2 |1〉

]
,

|φ2〉 :=
1√
2

[
|0〉 + e

2πi(2am−1+am)

22 |1〉
]
,

· · ·
· · · S31T

z



�& ��) +�/�'/- �� 	��2�*� � 8% �
�� ,�%� �& +�'�%�'- ��&'A ��
"� �- 1/5- +� +A�B� +�'�%�'-&�
� �� �9
P1/5- +� +A�B�

Rk(α) =
(

1 0
0 e

2πiα

2k

)
. S32T

P
5� �&��I����) 	� 	� � �- 
�� �=% 
%�'� +� +�9��� �
5%�'J

|φ1〉 = H |am〉
|φ2〉 = R2(am)H |am−1〉
|φ3〉 = R2(am−1)R3(am)H |am−2〉
|φ4〉 = R2(am−2)R3(am−1)R4(am)H |am−3〉
· · · · · ·
· · · · · · S33T

&_�
 L � � �� � - 
 5 5 - + � � * � + 3� � 5 - � 2 � * � � � W&' C � � N I�� &� Rk(α) 	 �� 2 � * � )� ,�
 -� �
�
 5 �� + � , � %� �& Rk_� * � !
 � � 1  � � ��� � α &_�
 L � � ��� 
 5 �� + * % , � %� 	& - X / � !
 � � � < C  � � ��� � α
�1�&�`� +� �
5%�'J �
4� �� �& &- .�� ,�%� ��J� �& +�'�%�'- ��&'A ��
"� �2�*� �� E'��� &�
� ��'� +� +��� �� .����5�

�� � !��" � �#$� �#%& ��' ��(#() �

,)[ &n> 1��&'23� �� E'��� b3\� ���- ��- 	��� �- ��� ��
�� ���$% )� +��
L� ��&�� 1���A �*/*@ .��&� � w
�
.�� � �- +%�'�=%�� .����5� �
%'� +� ���� n)'�� +%���/�� F�&�&� b3\� .�� b�U� �/J� 	43�&� ���d �
5� �
)� ���� �� 	��� b3\� .�� )� +MB� 
�� �
55- �$% w�C �*/*@ .�� �
%�'J )� 
5%�'� +� 
%&�� +�"I +�5�� b3\�
�� �
5�� �)� 0�- .��'J ��� �� +*�
I +�/J ��'�=%�� 	��� b3\� .���*� 1� 
�� �
�� �)� �� +*�
I ��'�=%��

�
�� O8� k�A �'J 	�'J �� 
%�'� +� ��
�� +��
L� {�'J � +�5�� �� �9��

����� ������ ���

�� �'� �A� k ��� +#/#C �
� ���� a|b 1/ �'% +� � �&*� +� �& b H/#C �
� a H/#C �
� 1/�'� +� � #��$%
�a � b 1/ �'% +� 
�"% ./5; ���� �b = ka �- +* I

�6 � 8 � 5 | 115 .����5�
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��'� ���*� n �'J � �� �
� D�'� 45� ���� �'� +� �
%�'J ��� p �
� �#��$%

���� ��� ��) �/MI W"p�

��	
�
�a|c �2%� ! b|c � a|b ���� �#!�

�a|xb+ yc �2%� !
5�� H/#C �
� �� x, y � ! a|c � a|b ���� �&

�a = b �2%�! b|a � a|b ��� �'

&��I�� b|n � � a|n E�� �� )� +7� *�9 +5B� ��&*� +� �& n �
� b � a �
��� )� +7� K*�9 �2%� ! ab|n ���� ��
��'� 
5��'J

�#� 45� D � .�� ��&�� �'J ��� 	� ��� b 9�� +��7� +��@ D � n ∈ Z H/#C �
� �� �&�(� )���� �	
�
�& H/#C �
��� � ��� �=2�: �7�� )� ���- �$% w�C� �2�� W&"� �� �� /% �7� �'J ��� 	� ��� 	� �=2�:

P��- ����� ��) W&'C �� ��� 	� ��� �� +��7� �7� �� ��'� +�

n = pα1
1 pα2

2 · · · pαk

k S34T

�
5� � ��� ��
�� � pi ��&� �-

������ ����� !" # �$ %���&���� '�() ���

k ��� +#/#C �
� �75�� +5B� !n|a− b ���� 
5� � )&� 1� � �
%*/I� 1� n a5� �� b � a H/#C ��
�� 1/�'� +� �#��$%
��
�� ,*� b/��� .�
� � ��� 	)&� 1� �\��& �� �\��& .�� �- ��� H@�� �a − b = kn �- +* I �� 
�� ����� �':�
1�&�� .����5� �1/�� +� �=% [i] � �& i � �
%*/I� 1� F0- �
%'� +� )��A� n a5� �� �
%*/I� 1� 	� F0- �� H/#C

[i] = {i, i+ n, i+ 2n, i+ 3n, · · ·}. S35T

+5B� �n � ��� ����� � F0- ��
B�

[0] = {0, n, 2n, 3n, · · ·}
[1] = {1, 1 + n, 1 + 2n, 1 + 3n, · · ·}

ZZ



[2] = {2, 2 + n, 2 + 2n, 2 + 3n, · · ·}
· · ·
[n− 1] = {n− 1, n− 1 + n, n− 1 + 2n, n− 1 + 3n, · · ·}. S36T

Zn&� �2�� W&"� �� �1/�� +� O�*% Zn � ��� �
� L3� �� 	�& Z )� �- +B*: �*� � �& � F0- .�� ��'*��
P 1�&��

[a] + [b] := [a+ b] S37T

���� [n− i] ! [i] ��� 'M��� F'7B� 'M� � [0] �� +�5J 'M� �- �'� +� +��� ���� �� �� ��
"� Zn j��B� .�� �
1/ �'% +� Zn = {0, 1, 2, · · ·n− 1}_W&'C �� +��� �� �& Zn ���� � 1/5- +� �$% w�C �-��� ��0� .��'% )� [K '*B�

��'� +� ,�%� n_a5� �� N*: ��&� �-

.�� ��&*=� �& �
����� �- ��� +#/#C �
� .����&�� ! b � a H/#C �
� �� ]��=� �/�� ,' L� 	���&�� �#��$%
�/�� ,' L� .����&�� 	5B� �� greatest common divisor + /�2%� t<3 )� gcd ��&� �- 1/�� +� �=% gcd(a, b) � �& �
�
�\��& .�� +�&A ��) �� �gcd(a, b) ≥ r �2%� r|b � r|a �- 1/�� ����� r ��� 	�
� ��� .����5� ���� �
� ��A�� ]��=�
� �����7;'- �
� �� �� �/�� ,' L� .����&�� )� �
� .�� K*�9 !�&*=� �& b � a �_
� !r ��� 	�
� ��� �- 
5�'� +� 	�

P1�)���6 +� 
/<� � 14� �/MI �� �/� �� �5��&� ���� 	� � �� �

��) W&'C �� �& �� ��'� +� �- ��� +�"�� H/#C �
� .���7;'- a, b �
� �� ]��=� �/�� ,' L� .����&�� ��	
�
P ��'%

gcd(a, b) = xa+ yb x, y ∈ Z. S38T

�=% ���'% ,�A .�� �� �& �� ��'�� �- 
�� +�"�� H/#C �
� .���7;'- s = xa + yb �
� �- 
/5- R�A �����
�- ��� 1/��'J

s ≤ gcd(a, b) , gcd(a, b) ≤ s S39T

.����&�� j��B���5� �- 1/5- +� �:'� &- .�� 	��� � gcd(a, b) = s �- �A�� 1/��'J ��/�% Z�h �/MI � r�\� �%�)� �
]��=� �/�� ,' L�

gcd(a, b)|a , gcd(a, b)|b S40T
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�� +� ��/�% �- gcd(a, b)|s � � gcd(a, b)|xa+ yb !Z�h �/MI �� �:'� � ��/�%&�

gcd(a, b) ≤ s. S41T

�- ��5B� .�� �� ]��=� �/�� ,' L� .����&�� j��B� �� �:'� � �- s|b � s|a �- 1/�� +� �=% �9

s ≤ gcd(a, b). S42T

�/MI� gcd(a, b) = s �- 1/�& +� ��/�% .�� �� n� +�"I �\��& � �� b/-��� 1/�� �=%�& �/J� �\��& �#C ���� .����5�
W&'C .��&� � 
�"% ./5; �- 
/5-R�A �1�'� +� ��'�� j�J ���� �� ! s|a �- .�� ���� �=% 	��� �� ��'� +� ��p

���� 1/��'J

a = ks+ r, S43T

���� 1/��'J .����5� �
5- +� Q
C 0 < r < s E��&� �- ��� +#/#C �
� r ��&� �-

r = a− ks −→ r = a− k(xa+ yb) = (1 − kx)a− kyb S44T

�/3�� R�A j38� �- ��'% b � a +\J b/-�� W&'C �� �& �� ��'� +� �- 1�� ��A� s )� ��7;'- �"�� �
� �� .����5�
�[
��� |'% ./*� � �s|a �- 1��/� +� ��/�% .����5� ���� ��'� �/CJ .�� � �
� .���7;'- s �- .���� +5"� ���

��'� +� ��- �/MI W"p� b/��� .�� �� �s|b �- 1��/� +� ��/�%

�c|gcd(a, b) �2%� ! c|b � c|a �- 
/5- R�A ��	
�

���� H@�� �/MI .�� !gcd(a, b) = xa+ yb �- .�� �� �:'�� �����

1/�� ����� ��� DLA� ��� �&�� �':� a−1 mod n W&'C .��&� �
5�� H/#C ��
�� a � n > 1 �- 
/5- R�A ��	
�
�
5�� ��� 1� �� �" % n � a ��� DLA � ��� �75�� +5B� !gcd(a, n) = 1

�� �:'� � .����5� � 1 = a−1a− kn �%� )� � a−1a = 1 + kn 1��/� +� ��/�% 
�� ����� �':� a−1 mod n ��� �����
�- xa = 1 + yn �%�)� � 1 = xa+ yn �2%� 
�� gcd(a, n) = 1 ��� Y7��� � 1 = gcd(a, n) �- 1��/� +� ��/�% ??�/MI

���� a−1 mod n �*� x �- ��5B� .�� ��

����7� n a5� �� �
� a +��@ F'7B� �2%� !��� ��� n �� �" % �- 
�� ��'83� �
� �� a ���� �	
�

�- 1��/� +� ��/�% W&'C .��&� �b′ = a−1 mod n � b = a−1 mod n �- 
/5- R�A �����

ba = 1 + kn , b′a = 1 + k′n S45T

Zo



1�&�� +� ��
� �� )� �-

(b− b′)a = (k − k′)n −→ b− b′ ≡ 0 mod n −→ b = b′ mod n. S46T

�
��� ]��=� �/�� ,' L� .����&�� .�A� 	��� F
/�I� 1��&'23� 	5"� �- 1�)���6 +� +*} 4� �/MI �/� �� : .��&�
����

�a = kb+ r +5B� 
�� b �� a 1/ L� �
%*/I� r �- 
/5-R�A � 
5�� �"�� H/#C ��
�� a ≥ b �- 
/5-R�A ��	
�
W&'C .��&�

gcd(a, b) = gcd(b, r). S47T

�- 1/%�� +� �9 �m := gcd(b, r) � M := gcd(a, b) 1/�� +�&��I +��� 	��� �����

m|b , m|a (since a = kb+ r) −→ m ≤ gcd(a, b) = M. S48T

�- 1/%�� +� �2�� w�l )�

M |b , M |r (since r = a− kb) −→M ≤ gcd(b, r) = m. S49T

�m = M .����5�

F
/�I� 1��&'23� �*�*+

�*- �� ���& +� &- �� �
� �� ����=� �/�� ,' L� .����&�� .�A � 	��� �- ��� +*��&'23� !F
/�I� 1� �&'23�
1/��'J +� +5B � ��A � �& b � a �
� �� ]��=� �/ �� ,' L� .�� � �&� � 	�� �*:
5; ��) &� ��' � +� 1� �&'2 3� .��

P�����) k�� �� 1��&'23� �9��� �1/5- �
/6 1��&'23� .�� � �&M ≡ gcd(a, b)

�M = gcd(b, r1) 
/�� &��I W&'C .��&� ��'� 
��'J r1 �
%*/I� � 
/5- 1/ L� b �� �& a ~ Z

�M = gcd(r1, r2) W&'C .��&� ��'� 
��'J r2 �
%*/I� � 
/5- 1/ L� r1 �� �& b ~ f

�M = gcd(r2, r3) W&'C .��&� ��'� 
��'J r3 �
%*/I� � 
/5- 1/ L� r2 �� �& r1 ~ o

Zq



��������������

�
/��� rk = 0 �� � 
/�� �����&
L%� �& �*� .��

M := gcd(128, 62) ��� ����

128 = 2 × 62 + 4 −→M = gcd(62, 4)

62 = 15 × 4 + 2 −→M = gcd(4, 2) = 2. S50T

M := gcd(150, 66) ��� ����

150 = 2 × 66 + 18 −→M = gcd(66, 18)

66 = 3 × 18 + 12 −→M = gcd(18, 12)

18 = 1 × 12 + 6 −→M = gcd(12, 6) = 6. S51T

��'% s = xa+ yb W&'C �� �& �� ��'�� �- s H/#C �
� .���7;'- ./5; 1� ��'� +� F
/�I� 1��&'23� )� ��<��� �
��� �� 	��� �& &- .�� ���- +l F'7B� W&'C �� �& F
/�I� 1��&'23� �9��� �- ��� +A-&- .�� 	��� ��&�� ��
� �&

�1/�� +� �=% [�

��� ����

2 = 62 − 15 × 4

= 62 − 15 × (128 − 2 × 62)

= 31 × 62 − 15 × 128. S52T

��� ����

6 = 18 − 12

= 18 − (66 − 3 × 18)

= 4 × 18 − 66 = 4 × (150 − 2 × 66) − 66

= 4 × 150 − 9 × 66. S53T
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.�� )� K 5*@ ���� ,�%� ��' � +� ! ��� b � a ��
�� 	� �/ � �'l L ��&� �- O(L3) ��)&� �& F
/� I� 1 � �&'2 3�
� .����5� �
�� gcd(a, n) = 1 �- �&�� �':� +�&'C&� �
� .�� ���) !��- ��<��� a−1 mod n .�A� 	��� ��'� +� 1��&'23�
���� 1/��'J ��/�%&� �
55- Q
C 1 = xa+ yb �\��& &� �- 1/5- +� �
/6 �& 	� y � x ��
�� [� n�& �� F
/�I� 1��&'23�

xa = 1 − yn −→ x = a−1 mod n. S54T

P��- �9 �& ��) �3�B� � �A& ����A ,
I �� 1� .�� )� ��'� +�

ax+ b = c mod n S55T

P1/5- +� �*� ��) b/��� �� �3�B� .�� �9 	��� ���� gcd(a, n) = 1 ��&� �-

ax = c− b mod n −→ x = a−1(c− b) mod n. S56T

�/MI �� ��'5� �#� �� �/*�� �� �$% |'@'� .�� ���- �9 �& Q'A |'% )� +�[�B� �2��� � �A& ����A ��'� +� 1�)�
��'� +� �/� �%��
:

�gcd(mi,mj) = 1 ∀i, j � 
5�� �"�� H/#C ��
�� m1,m2, · · ·mn ��
�� �- 
/5- R�A 2�)�	� ,�- ./0�1	��2 �	
�
W[�B� �2��� W&'C .��&�

x = a1 mod m1

x = a2 mod m2

x = a3 mod m3

· · · = · · ·
x = an mod mn S57T

����M = m1m2m3 · · ·mn a5� �� �7� V�': �� 	�&��

��&�� �� mi a5� �� Mi ��/�%&� �
5� � ��� 1� �� �" % mi � Mi W&'C .��&� �Mi = M
mi

1/�� +�&��I �����
1�&�� ���/%&� �1/�� +� O�*% Ni � �& �� �- �&��

MiNi = 1 mod mi S58T

1/�� +� &��I �9

x :=
∑

i

aiMiNi S59T

Chineese Reminder Theorem2
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P
%��I�� ��) D��� & �- �'� +� �
�� +�9���

MiNi = 1 mod mi

MiNi = 0 mod mj S60T

P���� 1/��'J �\��& �� .�� ��/�%&�

x = ai mod mi ∀i S61T

�*� )� 	�2�� �9 x′ �- 1/5- +� R�A �� +��7� ���� �=% 	��� ���� (57T W[�B� �2��� )� �9 �� xb/��� .�� ��
!���� 1/��'J W&'C .��&� �
�� W[�B� �2���

x− x′ = 0 mod mi ∀i

�75�� +5B�

x− x′ = k1m1

x− x′ = k2m2

x− x′ = k3m3

· · · = · · ·
x− x′ = knmn. S62T

�- 1��/� +� ��/�% !
5� � ��� 1� �� �" % +2*� mi �_ �
�� �- �%� )� �
5� � x − x′ �_
� 	�&'�-A �*� � mi +5B�
�- .�� +5B� 1/5- ��p 1/���'J +� �- �'� 	�/; �*� .�� � x− x′ = kM +5B� !��� x− x′ &_'�-A �/% 4%� V�@ �C9

�
5� � 	� � �2�
7��M a5� �� �2��� .�� )� +��':����

P
��/2� �$% &� �& ��) W[�B� �2��� �� ����

x = 2 mod 3

x = 3 mod 4

x = 4 mod 5. S63T

�1/5- �
/6 �& �
� .���%'2; �4 � 3 ! 2 � 
�� ����� b/��� �� 5 � 4 ! 3 �� n�1/ L� �
%*/I� �- 1/��'J +� 	�
� .����5�
+5B� �1/5- �
/6 mi �� �" % �& Mi �_
� ��&�� � i ,*� 	�)� �� � �� +� �
�� +� �& � ��6 +5/; 	��
%*/I� �/MI
1/5- 1- Mi )� �& mi )� +��M� �� 1/%�'� +� �- 1/%�� +� �� �
5- Q
C NiMi = 1 + kmi 	�\��& &� �- Ni ��� 	�
�

�2�� W&"� �� Ni(Mi − lmi) = 1 + (k − l)mi �- 1�&�� +� ��
� +�"I �\��& )� ���) !
5- �//�� Ni�_
� �75�� ��
�

M−1
i mod mi = (Mi − lmi)−1 mod mi. S64T
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ai mi Mi Ni := M−1
i mod mi

2 3 20 ≡ 2 2
3 4 15 ≡ 3 3
4 5 12 ≡ 2 3

1: +5/; 	� �
%*/I� �/MI &� Z ��� �9 	��� ��
�� ��
:

'�� : � ��) +�/J ��'� +� � � /% 	&��@ F
/�I� 1��&'23� �_
B�� �9��� ���&- WI�� +�/J Ni �"�#� 	��� .����5�
P
5� � �;{J ��� .�� 	��� +5/; 	� �
%*/I� �/MI &� j��8� ��
�� �- 
�� +� �=% Z�f�h ��
: ���- �
/6 �& Ni

�
%����� 1�� mi_a5� �� �� ./A�l �
� �� 
�� �=% �- ��� ��A& &- �� .�� 	��� ≡_��0�

x =
∑

i

aiMiNi = 2 × 20 × 2 + 3 × 15 × 3 + 4 × 12 × 3 = 359. S65T

�59 � ��� ����� 
5- +� �9 �& 63 W[�B� �- 	�
� .���7;'- �- 1��/� +� ��/�% m1m2m3 = 60 �- �%� )�

P
��/2� �$% &� �& ��) W[�B� �2��� �� ����

x = 1 mod 3

x = 2 mod 4

x = 4 mod 5

x = 3 mod 7

x = 8 mod 11. S66T

&� �- 	��
�� �2 � 7 ! 6 � 4 ! 1 � 
�� ����� b/��� �� 11 � 7! 5 ! 4 ! 3 �� n�1/ L� �
%*/I� �- 1/��'J +� 	�
� .����5�
)� ��<��� � Ni ��
�� P
5�� +� ��
� +5/; 	� �
%*/I� �/MI � r�\� �- 
5� � 	��
�� �*� 1�����'% ��) ��
:

� ��� ����� 1/� � �� �"%� �� �- 	�
� +5B� x �_
� .����5� �
%��
�� ��
� F
/�I� 1��&'23�

x =
∑

i

aiMiNi = 1 × 1540 × 1 + 2 × 1155× 3 + 4 × 924 × 4 + 3 × 660 × 4 + 8 × 420 × 6 = 51334. S67T

�514 � ��� ����� 
5- +� �9 �& 66 W_ [�B� �- 	�
� .���7;'- �- 1��/� +� ��/�% !m1m2m3m4m5 = 4620 �- �%� )�

P1�&�� g/�9� ��� 13 �� �� � 8% �1�)���6 +� ��A �;'- �/MI �� ,'�'� �2�� 14� � 
/<� �/MI �� �/� �� �����&�
�p|
(
p
k

)
W&'C .��&� �
�� {1, 2, ·p− 1} ��'*�� �� r�B�� ��
�� )� +7� k � ��� �
� �� p �- 
/5- R�A �3!

�- 1/%�� +� �����

p(p− 1)(p− 2) · (p− k + 2)(p− k + 1) =
(
p
k

)
k(k − 1)(k − 2) · · · 3.2.1 S68T
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ai mi Mi Ni := M−1
i mod mi

1 3 1540 ≡ 1 1
2 4 1155 ≡ 3 3
4 5 924 ≡ 4 4
3 7 660 ≡ 2 4
8 11 420 ≡ 2 6

2: +5/; 	� �
%*/I� �/MI &� f ��� �9 	��� ��
�� ��
:


%�'� +*% p �� ��&*=� � �� +� �/% �& ���& w�l Y6 ��&*� +� �& [� 	� � �; w�l p �- 1/5- +� �:'� �9
��&*=� �&

(
p
k

)
� �� +� p !Z�h �/MI��5� ! .����5� !�&*=� �& K := k(k − 1)(k − 2) · 3.2.1

W&'C .��&� �
�� +#/#C�
��� a � ��� �
� �� p �- 
/5- R�A ����4 ��56 �	
�

ap = a mod p. S69T

.��&� �ap = a mod p �- 
/5-R�A �9 �1p = 1 mod p �- 1/%�� +� �1/5- +� ��<��� ��L��� )� W"p� 	��� �����
W&'C

(a+ 1)p =
p∑

k=0

(
p
k

)
ak

= 1 + ap mod p S70T

�- 1��/� +� ��/�% � 1/5- +� ��<��� ��L��� R�A )� �5�� �1�� ���- ��<��� Z�f�h 13 )� ��&� �-

(1 + a)p = 1 + a mod p. S71T

��� �� �� �" % �- 1��/� +� n )���7;'- H/#C��
�� ��
B� �& φ(n) ���� +�"�� H/#C �
� n �- 
/5- R�A �#��$%
�φ(7) = 6 � φ(4) = 2 ��� ��'5� �� �
5��

H/#C �
��� � p ��� �
� �� 	�)� �� �- ��- ��p ��'� +� +�9��� �φ(p) = p− 1 1�&�� ! p ����
� �� 	��� �- ��� 1� �
!α�_ "��

φ(pα) = pα−1(p− 1)

�_ �
�� � /3 .�� )� �pα − 1 � ��� ����� pα )���7;'- ��
�� ��
B� NI�� &� �

{p(pα−1 − 1), p(pα−1 − 2), p(pα−1 − 3), · · · p(2), p(1)} S72T
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pα �� �" % �- 	�
�� �- ��
B� .����5� �
%&�� ]��=� ��� pα � �- 
5� � 	��
�� 45� ��
�� .�� ���) !1/5- � - 
�� �&
�pα − 1 − (pα−1 − 1) = pα−1(p− 1) � ��� ����� 
%��7;'- �� )� � 
5� � ���

+� �
5%�'J �& 	
B� �/MI � �/MI .�� W"p� ���- ��p �& ��) �/MI ��'� +� +5/; 	� �
%*/I� �/MI )� ��<��� � �9
�
5- �
/6 Nielsen, Chuang_V�- �*/*@ &� 
%�'�

�φ(ab) = φ(a)φ(b) �2%� 
5�� �� � 1� �� �" % b � a ���� ��	
�

�2%� ���� ��� n �� �" % a �- 
/5- R�A P ������ �	
�

aφ(n) = 1 mod n. S73T

P ���

n = 5 a = 2 −→ φ(5) = 4 −→ 24 mod 5 = 16 mod 5 = 1

n = 6 a = 5 −→ φ(6) = 2 −→ 52 mod 6 = 25 mod 6 = 1 S74T

fi


