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Classical Bits

Have four basic properties.



1- Bits are Macroscopic Objects
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SO classical bits are almost very robust against errors.







2- Bits can be cloned

@ OOD

0 - 000




3- Errors are discrete
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4- Bits can be observed

010 - 000

And corrected



Quantum bits have exactly
the opposite properties
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1-They are microscopic




2-1hey cannot be cloned
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3-Quantum Errors are continuous
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4-They cannot be observed




Classical Error Correction



0 — 000

I — 111

Probability of error for repetition code.
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V5 = {000, 001, 010, 011, 100, 101, 110, 111}

C = {000, 111}

SO we select only two codewords
from the set of 8 possible codewords



00 > 00000

01 - 10101
10 01010
11 ., 11111
2
- [n,k,d]=[5,2,2]

C = {00000, 10101, 01010, 11111}






Hamming Bound

2" x V(n,t) < 2"

The number of elements in each sphere.
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Linear Codes

The code space is chosen to be a
subspace of the space of all codewords.
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Linear Codes

00 > 00000
01 - 10101
10 > 01010

11 - 11111

A linear code

00 > 00000
01 - 10101
10 * 01010

11 - 11110

A non-linear code



Linear Codes

he basis of the total space

e1 = (1,0,0,---0)

es = (0,1,0,---0)




The basis of code space
Vi

g1
g2

gk

w =
191 + Q2g2 + - AR Jk

(ala g,
’ - T T Oék) — (w
1, W2, -, wn)



W = o191 + 2g2 + - Qkgg

(0517 o, -, O‘k) — (wla wo, -, wn)

K bits are encoded Iinto n bits.

Or in compact notation oa— w = oa#
00 — 00---0
10 — J1
0l — gJs

11 — g1 + g2



W= 1091 + Q292 + - - Ok Gk

a— w = ol G —

G = Generator Matrix

g1
g2

gk

kX n



H is made of basis of orthogonal space

hi

g1 7

o g2 °
o hk




his is the syndrome of the error

T
wH™ =0 (w—l—e)HT:eHT

No error A




Un-detectable error

Logical Gate

000 — 111

|

It an error moves the state within the code space,
it cannot be detected. It acts like a logical gate.



The syndrome only determines
the class of possible errors.

/

The most probable error is the
Error with the shortest Hamming |
weight.




Quantum Error Correction
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Notations
Z10) = |0) Z|1) = —|1)
X|0) = 1) X|1) =0)
— ! 0 1 — ! 0 1
—\ﬁ(\>+\>) H_E(H_H)
X|+) = |+) X|=)=—|-)
Z|=) = |+)

Z1+) = |-)
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Z10) = |0} Z1)

—[1) Z's) = (=1)"|s)

X10) = 1) X|1) = 10) X's) = s +1)
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@ The first insight

Quantum errors are NOT continuous, they are discrete

D=1IQUg+ XQU1+Y QU+ Z ®Us

Q) @ le)) = [¥) @ Uoleo) + X|9) @ |e1) + Y |) @ |e2) + Z]1h) ® |es)

()

P(X) = {e1]e1)

P(Y) = (ez]e2)

P(Z) = (esles)
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The simplest example of a
guantum code

0) — [00)
1) — [11)

al0) 4+ b|1) — a|00) + b|11)
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¥) = al0) +b[1) — a|00) +b[11) = [¢))

Z1 Zo|p) = |)
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175 = —1 L4y = —1

a|00) + b|11)

AV

This Is an error-detecting code,
We do not know which error has occurred.
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A better code

0) — ]000)

1) — |111)

al0) + b|1) — a|000) + b|111)
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We determine only the error not the state itselt.

a|010) + b|101) a|100) + b|011)

w %

a|000) + b|111)

X3

\4

a|001) + b[110)

40



©

a|010) + b|101) a|100) + b|011)

a|001) + b[110)

(17_1)
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Syndromes.

Bit tlip errors

X3 +1 -1
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—ncoding Circuit

D
N
N
(a]00) + b|11))[0) a|000)
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Measurement of 2125

1 ® /)
J * J
0 D D i+ 7

CNOTVi, j) = |i,i + j)

If ¢ =7then i+ 75 = 0. So the last bit measures Z1 2.
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Syndrome Measurement

. .
a|000) 4 b|111) .
B0 -
0
0 i

) D
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A code for detecting phase errors

a|0) + b|1) — a|000) + b[111)
Z
1) = a|000) + b|111) — @|000) — b|111)
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The suitable code
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Zg +1 -
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The Shor Code

0) — (|000) + |[111)) ® (|000) + |111)) ® (|000) + |111))

1) — (]000) — |111)) ® (|000) — |111)) ® (|000)| — 111))
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We can detect bit flip errors
in each Bloch in the same way as before.

0) — (]000) + |111)) ® (|000) + |111)) & (|000) 4 |111))

1) — (]000) — |111)) ® (]000) — |111)) ® (|000)| — 111))

(]100) + |011))|® (|000) + |111)) ® (|000) + ||111))

(|]100) — |011))|® (|000) — |111)) ® (|000)| — |111))



@ Zl or ZQ or Zg

Have the same effect on each Bloch.

0) — (]000) + [111)) ® (|000) + |111)) ® (|000) + |111))

(]000) — |111)) ® (|000) + |111)) & (|000) + ||111))

X7 = X1 X9X3
These two syndromes determine in which
X = X4 X5 X¢ block a phase error has occurred.

XX XX
X717 = X-XeXo IATT ITATIT
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Why do we care only about X and Z errors

and not Y errors?
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(V[Z]y) =0 Diff. a Z error from no error

(Y| X|y) =0 Diff. an X error from no error
(Y| XZ|p) =0 Diff. an X error from a Z error
(YY) =0

(WY Z|p) =0 Due to the properties of Pauli operators:

(WY X|Y) =0

54



©

he 5 Qubit Code

Now all the syndromes are ditterent

s1v=417 X X
so=12X X 4

s3=4 X X Z 1

sy, =X X £ 17
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CSS Codes

Why we don't use the ideas of classical linear codes

to iInvent quantum codes”?

How"?
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How?

wzzaigi a; =0, 1

g;=(0101101)

w) = Z ;| g;) a; € Complex numbers
(

) =10101101)
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The most probable error




Classical Error: w — w + e

e=(11000)

Quantum (bit Flip) error) : |w) — |w + €)

X°=XXI11I1



We can use this technique for bit flip errors.

But how should we combat phase flip errors?

We will show this in the second part.



Thank you for your attention



