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@ Random encoding:

e choose some pyx

e picki.i.d samples x1, ..., Xy
@ Stochastic likelihood decoder

o sample from p(m|y)

1 p(y|xm)
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Technique of Yassaee et al (ISIT 2013)

Random codebook: C = {x,...,xy}

Ec Prlsucc] = Ecz : (y’Xm)Z ()j(};ﬁn)
- BTt

(Jensen)

p(y|x1)
> E
= X1 Zp y|X1 EC\xl Zm/p(yyxm/)

_ (y’XI)
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_ E p(v|x)
I p(ylx) + (M — 1)p(y)




Plan for the talk

Better understanding and quantum generalization of

@ Stochastic likelihood decoder
@ convexity = Jensen’s inequality

@ Asymptotic analysis of the result



Pretty good measurement

@ Pretty good measure for signal states {py, ..., pu}

1

Fa= () on(X0)

i i



Pretty good measurement

@ Pretty good measure for signal states {py, ..., pu}

1

Fa= () on(X0)

o If the signal states are p,, ~ p(y|x,,) then
POy|%m)

Ep ~

> p]xi)



Pretty good measurement

@ Pretty good measure for signal states {py, ..., pu}

1

Fa= () on(X0)

i i

o If the signal states are p,, ~ p(y|x,,) then

POY%m)

Ep ~

> p]xi)

@ The probability of successful decoding

Pr[succ| = ]\14 Z tr [pm ( Z p,-) ) Pm ( Z Pi)
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Collision relative entropy

Dy(pllo) = logtr[po 2 po2]

1 o\
Dulplle) = - togtr | (5905 ) |

Miiller-Lennert et al, arXiv:1306.3142 Frank, Lieb, arXiv:1306.5358
Wilde, Winter, Yang, arXiv:1306.1586 SB, arXiv:1306.5920

e (Positivity) Dy(p||o) > 0.
e (Data processing) Dy (p||o) > Dy(N(p)||N (o).
@ (Joint convexity) exp D,(+||-) is jointly convex
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random encoding pretty good measurement

e input distribution p(x)
@ pick random codebook %, ..., xy
@ pretty good measurement at the decoder

M
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c-q channel coding
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c-q channel coding
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random encoding pretty good measurement

Pr(succ]
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c-q channel coding
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random encoding pretty good measurement
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Error analysis

Use the joint convexity of exp D (+||-)

1
EcPr[succ] > A_/[Ec exp D, (oxyl||ox ® oy)

1
M €XpD2(EC O—XYH]EC ox & Uy)

. 1 1
= M expD, pxy|| MPXY"‘(I_M)pX@pY )
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pxr = 2, P00 (X[ @ py




Information spectrum relative entropy

@ II,>o: projection on eigenspaces with non-negative
eigenvalues

° 1_[Uzv = 1_[U—vzo



Information spectrum relative entropy

@ II,>o: projection on eigenspaces with non-negative
eigenvalues

° 1_[Uzv = 1_[U—vzo

Di(pllo) == sup {R| tr(pll,cor,) < €}



Information spectrum relative entropy

@ II,>o: projection on eigenspaces with non-negative
eigenvalues

° 1_[Uzv = 1_[U—vzo

Di(pllo) == sup {R| tr(pll,cor,) < €}

Di(pllg) =suwp{R| > plx) <€}

x: p(x) <2Rg(x)



Information spectrum relative entropy

@ II,>o: projection on eigenspaces with non-negative
eigenvalues

° 1_[Uzv = 1_[U—vzo

Di(pllo) == sup {R| tr(pll,cor,) < €}

Di(pllg) =suwp{R| > plx) <€}

x: p(x) <2Rg(x)

For every 0 < €, A < 1 and density matrices p, o we have

exp Ds(p||Ap + (1=X)o) >
(1—e) [A+ (1= XNexp(—D(pllo))]

1




A one-shot achievable bound

1 1
EcPr[succ] > M~'exp D, <,0XYH Y +(1- ]\_4)pX ® py>

> (1—¢) [1 + (M — 1) exp ( — D5(pxy || px ®PY))}_1

M*(1, €) : maximum number of messages with error < ¢

M*(1,¢) > max r_

p(x),0<0<e

)
exp (D3 (pxrllpx ® pr)) + 1J




Asymptotic analysis

e Relative entropy: D(c||p) := tr(o(logo — log p)).

@ Information variance or the relative entropy variance

V(pllo) := tr(p(log p — log o — D(p|0))*).

Theorem [Tomamichel & Hayashi *12]

For fixed 0 < € < 1 and 0 proportional to 1//n we have

D (p™"|0®") = nD(pllo) + /nV(pllo) @ () + O(logn),

u) = [* \/#z?e_%’zdt, and ®!(¢) = sup{u| ®(u) < €}.




Asymptotic analysis

Theorem
For 0 < € < 1/2 we have

log M*(n,€) > nC + vVnV® '(¢) + O(logn),
where C is the channel capacity

C:=maxI(X;Y)
p(x)

and V is the channel dispersion

V= : v
P(X)Garl;;nmlanx 1(X;Y) <pXB|IpX (%9 ,03)

[Tan & Tomamichel *13]: this achievable bound is tight
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random encoding
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pretty good measurement

@ Write probability of successful decoding in terms of
collision relative entropy

@ Use joint convexity of collision relative entropy

@ Lower bound collision relative entropy with information
spectrum relative entropy

@ Compute the asymptotics of information spectrum relative

entropy

log M*(n,€) > nC + VnV® () + O(logn)
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Hypothesis testing

@ Given either p or o

@ Want to decide which one

e Apply POVM measurement {F,, F,, }

e Prftype I error| = Prlerror |p] = tr(pF,)
Pr(type II error| = Prlerror |o] = tr(0F))

Be(p|lo) = min Prltype II error]
Prtype I error] < €

@ Pick some M and define
F,=(p+Ma)"p(p+Mo)~'"?

F,=M"'p+o) oM 'p+o) /2



A one-shot hypothesis testing

exp Da(p||p + Mo)

1 — Prftype I error] =
> (1—e) [1+Mexp(—D(plo)]™
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A one-shot hypothesis testing

1 — Prtype L error] = expD,(p||p + Mo)
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—log fre(pllo) > D5(pllo) + loge.




A one-shot hypothesis testing

1 — Prtype L error] = expD,(p||p + Mo)
. -1
> (1— ) [1+Mexp (— Di(pl0))]

1 — Prltype error] = expDy(c||M'p+ o)
Z (1+M_1)_1,

Theorem

—log fre(pllo) > D5(pllo) + loge.

V.

Corollary

—10g B.(p”"[[0") = nD(p0) + v/nV(pll0) 2~ () + o(n). |

This upper bound is tight [Tomamichel & Hayashi "12, Li *12]
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Source compression with side information

%(CIZL Bob/ Pz

{F 2/ e X}

ZE‘\AI

1Ce

° pxy = D p(X)[xX) (x| ® px
o Prfsuce] = X, , px(0)L syl pi )
@ pickarandomh : X — {1,... M}

@ Let {F! : x € X} be the pretty good measurement for

{p(x)px| x € X, h(x) = m}
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Source compression with side information

oxg = ), P(X)Lnw=1}x) (x| @ ps,
o = (e linty 1}|x><x|)®(z PO -1y ).

EyPr[succ] = ME,, exp D> (oxs||7xs)

Theorem
There exists some i : X — {1,...,M} s.t.

Pr[succ| > exp D (1 - l) - lI ®
= €Xp L | PxB i PxB ux PB
=

>
1+M~"exp (— D(pxzl|Ix @ pp))

This also gives a second order asymptotics which again is tight
[Tomamichel & Hayashi *12]
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Our contribution

Reformulation of the technique of Yassaee et al (2013)

Stochastic likelihood = pretty good measurement

Collision relative entropy: D5 (+||-)
o Information spectrum relative entropy: D(-||-)

e c-q channel coding
e quantum hypothesis testing
e source compression of quantum side information

We avoided Hayashi-Nagaoka operator inequality
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@ Quantum capacity: achievability of coherent information?
e Entanglement-assisted capacity [Datta, Tomamichel, Wilde *14]

@ Yassaee et al apply this method to

o Gelfand-Pinsker (coding over a state-dependent channel)
e Broadcast channel (Marton bound)
e Multiple access channel (MAC)

@ Need more convexity properties in the quantum case
e Yassaee et al use the joint convexity of (x,y) — é



Thanks for your attention!



