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10 things you always wanted to 
know about non-Markovian open 

quantum systems 



What do you exactly mean 

with non-Markovian open 
quantum systems?



⇢(t) = ⇤t⇢(0)
dynamical map



⇢̇(t) = Lt⇢(t)

⇤t = Texp
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master equation



completely positive (CP) and 
trace preserving  

⇢(t) = ⇤t⇢(0)



k = 1, 2, . . .

is completely positive (CP) if  �

1lk ⌦� is positive for all   



propagator

⇤t = Vt,s⇤s



CP
⇤t = Vt,s⇤s

CP

CP





⇤t = Vt,s⇤s

CP
The dynamical map is (CP) divisible



⇤t = Vt,s⇤s

not CP
The dynamical map is (CP) non-divisible



The “Pythagorean theorem” of Open 
Quantum Systems theory



⇤t is divisible if and only if  

⇢̇(t) = Lt⇢(t)

Lt
can be written in the Lindblad form
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V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, J. Math. Phys. 17, 821 (1976)

G. Lindblad, Comm. Math. Phys. 48, 119 (1976)
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time-dependent decay rates
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�k(t) � 0 ⇤t divisible 

MARKOVIAN
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⇤t nondivisible 

NON-MARKOVIAN

�k(t) < 0



Are the quantum and classical 
definitions of Markovian 
dynamics different?





Classical definition of Markovian 
stochastic process

{xi}i2N

p1|n(xn, tn|xn�1, tn�1; ...;x0, t0) = p1|1(xn, tn|xn�1, tn�1)

tn � tn�1 � ... � t1 � t0

n-time probabilities



Classical definition of Markovian stochastic 
process

{xi}i2N

p1|n(xn, tn|xn�1, tn�1; ...;x0, t0) = p1|1(xn, tn|xn�1, tn�1)

tn � tn�1 � ... � t1 � t0

quantum conditional probabilities



p1|n(xn, tn|xn�1, tn�1; ...;x0, t0) = p1|1(xn, tn|xn�1, tn�1)

Chapman-Kolmogorov equation

MARKOVIAN

p1|1(x, t|y, s) =
X

z

p1|1(x, t|z, ⌧)p1|1(z, ⌧ |y, s)

p(t) = ⇤(t, s)p(s)
stochastic matrix



Is there a unique definition 
of non-Markovian open 
quantum systems
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No… Really?



A common feature to all the measures 

CP divisibility

monotonicity of 
distinguishability

monotonicity of 
mutual informationdata processing 

inequality

monotonicity of 
Fisher information

monotonicity of 
fidelity

monotonicity of 
relative entropy



But the inverse is NOT true !

CP divisibility
monotonicity of 

mutual informationdata processing 
inequality

monotonicity of 
Fisher information

monotonicity of 
fidelity

monotonicity of 
relative entropy

monotonicity of 
distinguishability



BLP Measure and information flow

H.-P. Breuer, E.-M. Laine, J. Piilo, Phys. Rev. Lett., 210401 (2009)

D(⇢1t , ⇢
2
t ) =

1

2
Tr||⇢1t � ⇢2t ||, distinguishability

initial pair of states

states at time t
information loss



BLP Measure and information flow

H.-P. Breuer, E.-M. Laine, J. Piilo, Phys. Rev. Lett., 210401 (2009)
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Tr||⇢1t � ⇢2t ||,

information flow

D(⇤t⇢
1,⇤t⇢

2)  D(⇢1, ⇢2)

�(t, ⇢1, ⇢2) =
d

dt
D(⇤t⇢
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�(t, ⇢1, ⇢2)  0

information loss
�(t, ⇢1, ⇢2) > 0

information backflow



BLP Measure and information flow

information flow �(t, ⇢1, ⇢2) =
d

dt
D(⇤t⇢

1,⇤t⇢
2)

NBLP (⇤t) = max⇢1,⇢2

Z

�>0
dt�(t, ⇢1, ⇢2)

H.-P. Breuer, E.-M. Laine, J. Piilo, Phys. Rev. Lett., 210401 (2009)



information flow �(t, ⇢1, ⇢2) =
d

dt
D(⇤t⇢

1,⇤t⇢
2)

�(t, ⇢1, ⇢2)  0

information loss
CP-divisibility
Markovianity

�(t, ⇢1, ⇢2) > 0

information backflow
non-divisibility
non-Markovianity



Is there a hierarchy among the 
different non-Markovianity 
measures?





Analogy between 

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)

Entanglement theory

&
Open system dynamics

Degree of non-Markovianity



Schmidt rank

 2 H⌦H

SR( )

 =
X

k

skek ⌦ fk

number of non vanishing 
Schmidt coefficients 

Schmidt number
SN(⇢) = min

pk, k
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SR( k)}

⇢ =
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pk| kih k|



SN(⇢) = min

pk, k

{max

k
SR( k)}

Sk = { ⇢ | SN(⇢)  k }set of states

S1 ⇢ S2 ⇢ . . . ⇢ Sn

separable states all states



duality between k-positive maps and 
bipartite states in Sk

1lk ⌦�� k-positive positive

8⇢ 2 Sk

[1lk ⌦�](⇢) � 0

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



⇤t = Vt,s⇤s

k-positive
The dynamical map is k-divisible



⇤t = Vt,s⇤s

CP
The dynamical map is CP-divisible  
(n-divisible)

k-positive for all 
k = 1, 2, . . .



⇤t = Vt,s⇤s

positive
The dynamical map is P-divisible

k = 1



non-Markovianity degree

NMD[⇤t] = k

analogue to Schmidt number

is⇤t (n� k)

(n+ 1� k)but not
divisible

NMD[⇤t] = 0 MARKOVIAN

NON-MARKOVIANNMD[⇤t] = n

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



non-Markovianity degree
analogue to Schmidt number

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)

Nk = {⇤t | NMD[⇤t]  k }

N0 ⇢ N1 ⇢ . . . ⇢ Nn�1 ⇢ Nn

Markovian maps all dynamical maps

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



non-Markovianity degree
analogue to Schmidt number

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)

N0 ⇢ N1 ⇢ . . . ⇢ Nn�1 ⇢ Nn

Markovian maps all dynamical maps

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)

S1 ⇢ S2 ⇢ . . . ⇢ Sn

separable states all states



towards a hierarchy…

N0 ⇢ N1 ⇢ . . . ⇢ Nn�1 ⇢ Nn

Markovian maps all dynamical maps

NBLP

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



Theorem

⇤t

d

dt
||[1lk ⌦⇤t](X)||1  0

8X 2 Mk ⌦B(H)

k-divisible

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



d

dt
||[1lk ⌦⇤t](X)||1  0

d

dt
||⇤t(X)||1  0

X = ⇢1 � ⇢2

BLP condition

special case

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



towards a hierarchy…

N0 ⇢ N1 ⇢ . . . ⇢ Nn�1 ⇢ Nn

Markovian maps

essentially non-Markovian maps

NBLP

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



Is there a physical 
interpretation of non-
Markovianity? Or are 
there many?



C. Addis, B. Bylicka, D. Chruściński and S. Maniscalco, “What we talk about when we talk about non-
Markovianity”, arXiv 1402.4975



Is non-Markovianity a 
resource for quantum 
technologies ?



quantum channel
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Quantum capacity	


Bound on the maximum rate at which quantum information can 
reliably be transferred along a noisy quantum channel

⇤t⇢ ⇢(t)

Ic(⇢,⇤t) = S(⇤t⇢)� S(⇢,⇤t)

Q(⇤t) = sup
⇢

Ic(⇢,⇤t)



A common feature to all the 
measures 

CP divisibility

monotonicity of 
distinguishability

monotonicity of 
mutual informationdata processing 

inequality

monotonicity of 
Fisher information

monotonicity of 
fidelity

monotonicity of 
relative entropy



B. Bylicka, D. Chruściński and S. Maniscalco, Scientific Reports 4, 5720 (2014)

⇤t⇢ ⇢(t)

Ic(⇢,⇤t)  Ic(⇢,⇤s)

CP-divisibility

8s  t

Q(⇤t)  Q(⇤s)

⇢ ⇤s ⇢(s)

data processing inequality



CP non-divisible

How about non-Markovian maps?

B. Bylicka, D. Chruściński and S. Maniscalco, Scientific Reports 4, 5720 (2014)



Exact amplitude damping channel
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increasingly 
non-Markovian

B. Bylicka, D. Chruściński and S. Maniscalco, Scientific Reports 4, 5720 (2014)



B. Bylicka, D. Chruściński and S. Maniscalco, Scientific Reports 4, 5720 (2014)

Exact dephasing channel

Markovian
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Exact dephasing channel

non-Markovian
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B. Bylicka, D. Chruściński and S. Maniscalco, Scientific Reports 4, 5720 (2014)



Yes, but isn’t most of what 
is done in this field just 
Rabi oscillations business 
more or less? 





What are the main 
open problems of open 
quantum systems 
theory?



Witnesses for non-Markovianity



Resource theory for non-Markovianity



Admissible physical CP maps







www.dscien.com
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Entanglement assisted capacity	


Bound on the maximum rate at which classical information can be 
reliably transferred along a noisy quantum channel, when Alice and 
Bob share unlimited entanglement

Cea(⇤t) = sup
⇢

I(⇢,⇤t)

⇤t⇢ ⇢(t)

I(⇢,⇤t) = S(⇢) + S(⇤t⇢)� S(⇢,⇤t)



1lk ⌦� k = 1, 2, . . .

is k-positive if  �

1lk ⌦� is positive  



Lt(⇢) = �i[H(t), ⇢] +
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(Almost) the most general form  
of master equation for open systems



Example

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)

qubit dynamics

Bloch sphere
Lt =

�+(t)

2
([�+, ⇢��] + [�+⇢,��])

+
��(t)

2
([��, ⇢�+] + [��⇢,�+])

xk(t) = Tr[�k⇤t(⇢)] k = 1, 2, 3

Bloch vector

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



Bloch vector dynamics

d

dt

x3(t) = � 1

T||(t)
x3(t) + [�+(t)� ��(t)]

d

dt

xk(t) = � 1

T?(t)
xk(t) , k = 1, 2

T?(t) = 2/[��(t) + �+(t)]
TRANSVERSE RELAXATION TIME

T||(t) = T?(t)/2
LONGITUDINAL RELAXATION TIME

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



T?(t) = 2/[��(t) + �+(t)]
TRANSVERSE RELAXATION TIME

T||(t) = T?(t)/2
LONGITUDINAL RELAXATION TIME

P-divisibility = BLP Markovianity

T?, T||(t) � 0 time

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)



T?(t) = 2/[��(t) + �+(t)]
TRANSVERSE RELAXATION TIME

T||(t) = T?(t)/2
LONGITUDINAL RELAXATION TIME

CP-divisibility

��(t), �+(t) � 0

D. Chruściński and S. Maniscalco, Phys. Rev. Lett. 112, 120404 (2014)


