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Minimum Spanning Tree (MST)

Given a graph 𝐺 with 𝑛 vertices 𝑣1, 𝑣2, … , 𝑣𝑛the Laplacian matrix 𝐿𝑛×𝑛 is defined as:

𝐿𝑖,𝑗 = ቐ
deg 𝑣𝑖 , if 𝑖 = 𝑗

−1 if 𝑖 ≠ 𝑗 and 𝑣𝑖 is adjacent to 𝑣𝑗

0 otherwise
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Minimum Spanning Tree (MST)

Kirchhoff's theorem: For a given connected graph 𝐺 with 𝑛 labeled vertices, let 𝜆1, 𝜆2, … , 𝜆𝑛−1 be 
the non-zero eigenvalues of its Laplacian matrix. Then the number of spanning trees of 𝐺 is:

𝑡 𝐺 =
1

𝑛
𝜆1𝜆2 … 𝜆𝑛−1

Laplacian matrix of a 
fully connected graph 𝑡 𝐺 = 𝑛𝑛−2
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Traveling Salesman Problem (TSP)

Number of routes =
𝑛−1 !
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Max-Cut

Number of cuts of a graph with 𝑛 vertices  = 2𝑛−1 − 1
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Idea

Prepare ȁ ۧ𝜓(𝜃)

Minimize 𝜓(𝜃) 𝐻 𝜓(𝜃)

Cost Function →   Hamiltonian
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Ansatz

𝐻𝑀 = 

𝑖

𝜎𝑥
(𝑖)

𝑈𝑀 = exp(−𝑖𝛼𝐻𝑀) = exp −𝑖𝛼 

𝑖

𝜎𝑥
𝑖

= ෑ

𝑖

exp −𝑖𝛼𝜎𝑥
𝑖

= ෑ

𝑖

𝑅𝑥
(𝑖)

(2𝛼)
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Example: Max-Cut Problem

𝐻𝐶 = 𝜎𝑧
(0)

𝜎𝑧
(1)

+ 𝜎𝑧
(1)

𝜎𝑧
(2)

+ 𝜎𝑧
(2)

𝜎𝑧
(3)

+ 𝜎𝑧
(3)

𝜎𝑧
(0)

𝑈𝐶 = exp(−𝑖𝛾𝐻𝐶)

 = exp −𝑖𝛾𝜎𝑧
0

𝜎𝑧
1

exp −𝑖𝛾𝜎𝑧
1

𝜎𝑧
2

×

            exp −𝑖𝛾𝜎𝑧
2

𝜎𝑧
3

exp −𝑖𝛾𝜎𝑧
3

𝜎𝑧
0
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Example: Max-Cut Problem

𝑈𝐶 𝑈𝑀
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Example: Max-Cut Problem
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Definition 

𝒙 =

𝑥1
𝑥2

𝑥3

⋮
𝑥𝑛

𝑥𝑖 ∈ {0,1}

𝒙𝑇𝑄𝒙Cost Function:

𝑄 =

𝑎1 𝑏1,2 𝑏1,3 ⋯ 𝑏1,𝑛

0 𝑎2 𝑏2,3 ⋯ 𝑏2,𝑛

0 0 𝑎3 ⋯ 𝑏3𝑛

⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 𝑎𝑛

Qubo Matrix



Binary Quadratic Model (BQM)

16

Cost Function 

𝒙𝑇𝑄𝒙 = 

𝑖

𝑎𝑖𝑥𝑖 + 

𝑗>𝑖

𝑏𝑖,𝑗𝑥𝑖𝑥𝑗
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Hamiltonian 

𝐻 = 

𝑖

𝑎𝑖𝜎𝑧
(𝑖)

+ 

𝑗>𝑖

𝑏𝑖𝑗𝜎𝑧
(𝑖)

𝜎𝑧
(𝑗)
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Systems 

D-Wave One D-Wave Two D-Wave 2X
D-Wave 
2000Q

Advantage Advantage 2

Release date 2011 2013 2015 2017 2020 2023-2024

Topology Chimera Chimera Chimera Chimera Pegasus Zephyr

Qubits 128 512 1152 2048 5000+ 7440

Couplers 352 1,472 3,360 6,016 35,000+

Active area
5.5 × 5.5 

mm 2
8.4 × 8.4 

mm 2

Power 
consumption 

(kW)
15.5 25 25 25
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Systems 

D-Wave One D-Wave Two D-Wave 2X
D-Wave 
2000Q

Advantage Advantage 2

Buyers
Lockheed 

Martin

•Google/NAS
A/USRA
•Lockheed 

Martin

•Los Alamos 
National 

Laboratory
•Google/NAS

A/USRA
•Lockheed 

Martin

•Temporal 
Defense 
Systems

•Google/NAS
A/USRA

•Los Alamos 
National 

Laboratory

•Lockheed 
Martin

•Los Alamos 
National 

Laboratory
•Jülich 

Supercompu
ting Centre
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Quadratic Binary Model: Binary Variables 

𝑥𝑖𝑗: City 𝑖 be visited at time 𝑗

𝒙 =

𝑥11 𝑥12 𝑥13 ⋯ 𝑥1𝑛

𝑥21 𝑥22 𝑥23 ⋯ 𝑥2𝑛

𝑥31 𝑥32 𝑥33 ⋯ 𝑥3𝑛

⋮ ⋮ ⋮ ⋱ ⋮
𝑥𝑛1 𝑥𝑛2 𝑥𝑛3 ⋯ 𝑥𝑛𝑛

𝒙 =

𝑥11

𝑥12

⋮
𝑥1𝑛

𝑥21

𝑥22

⋮
𝑥2𝑛

⋮
𝑥𝑛1

𝑥𝑛2

⋮
𝑥𝑛𝑛
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Quadratic Binary Model: Hamiltonian 

𝐻 = 𝐴 

𝑖

1 − 

𝑗

𝑥𝑖,𝑗

2

+ 𝐴 

𝑗

1 − 

𝑖

𝑥𝑖,𝑗

2

+ 𝐵 

𝑢𝑣

𝑤𝑢,𝑣 

𝑖

𝑥𝑢,𝑖 𝑥𝑣,𝑖+1

Feasible Solution
𝐴 ≥ 𝐵 Max[𝑤𝑖,𝑗]
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ȁ ۧThanks for Your Attention


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23

