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oنتایج



Quantum Evolutions, Quantum Simulations,

Extreme Quantum Channels

طرح مسئله
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Quantum Evolutions (PTP maps)
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𝜌 𝜙 𝜙 𝜌

𝜙 𝜌 > 0

Tr 𝜌 = Tr 𝜙 𝜌 = 1

∀𝜌 ∈ 𝒟 ℋ



Quantum Evolutions (CPTP maps)
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𝜌𝑆𝐸

𝜙
𝜙 ⊗ id𝐸 𝜌𝑆𝐸

𝜙 ⊗ id𝐸 > 0

Tr 𝜌 = Tr 𝜙 𝜌 = 1

∀𝐸

id𝐸



Representations of CPTPs (Choi Matrix)
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𝐶𝜙 = 𝜙 ⊗ 𝐼𝑑 ۧ|Γ |Γۦ =
1

𝑑


𝑖,𝑗=0

𝑑−1

𝜙 ۧ|𝑖 |𝑗ۦ ⊗ ۧ|𝑖 |𝑗ۦ

𝜙 𝑖𝑠 𝐶𝑃𝑇𝑃 ⇔  𝐶𝜙 ≥ 0

Choi, M. (1975). Completely positive linear maps on complex matrices. Linear Algebra and Its Applications, 10(3), 285–290.



Representations of CPTPs (Kraus Operators)
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𝜙 𝑖𝑠 𝐶𝑃 ⇔  𝜙 𝜌 = 

𝑖=1

𝐾

𝐴𝑖𝜌𝐴𝑖
†

Kraus, K. (1983). States, effects, and operations: Fundamental Notions of Quantum Theory. Springer.

𝜙 𝑖𝑠 𝑇𝑃 ⇔  

𝑖=1

𝐾

𝐴𝑖
†𝐴𝑖 = 𝐼



Representations of CPTPs (Affine)

8
Nielsen, M. A., & Chuang, I. L. (2010). Quantum computation and quantum information: 10th Anniversary Edition. Cambridge University Press.

𝜙



Representations of CPTPs (Affine)

9
Bengtsson, I., & Życzkowski, K. (2017). Geometry of quantum states: An Introduction to Quantum Entanglement. Cambridge University Press.

𝜌 = 

𝑖=0

𝑑2−1

𝑟𝑖 𝜎𝑖 𝒓 =

1
𝑟1

⋮
𝑟𝑑2−1

𝒓 ∈ 𝑆𝑑2−2 ∪ {inside of 𝑆𝑑2−2}



Representations of CPTPs (Affine)
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Nielsen, M. A., & Chuang, I. L. (2010). Quantum computation and quantum information: 10th Anniversary Edition. Cambridge University Press.

𝜌′ = 𝜙 𝜌  
𝑅𝑒𝑝
→

 𝒓′ = 𝑇𝜙𝒓

𝑇𝜙 =
1 0

𝒕𝜙 𝑀𝜙



Importance of CPTP maps
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Theory Simulation

𝜌𝑆𝐸

𝜙

id𝐸

https://www.thoughtco.com/protein-function-373550



The Problem

12
Wolf, M. M., Eisert, J., Cubitt, T. S., & Cirac, J. I. (2008). Assessing Non-Markovian quantum dynamics. Physical Review Letters, 101(15). 

𝑑 = 2 𝑑 > 2

?



The Problem
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CPTP maps



The Main Problem
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𝐶𝜙 𝑓
Extreme

Non-Extreme



Choi Theorem, Unital and non-Unital 
Extreme Qubit Channels

حل مسئله به صورت الگوریتمی
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Choi Theorem
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𝜙 𝜌 = 

𝑖=1

𝐾

𝐴𝑖𝜌𝐴𝑖
† 𝐴𝑖

†𝐴𝑗 𝑖,𝑗=1

𝐾

Linear Independence of 𝐴𝑖
†𝐴𝑗 𝑖,𝑗=1

𝐾
 ⇔  𝜙 𝑖𝑠 𝐸𝑥𝑡𝑟𝑒𝑚𝑒

Choi, M. (1975). Completely positive linear maps on complex matrices. Linear Algebra and Its Applications, 10(3), 285–290.



Complexity
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𝑂 𝑑6 + 𝑂 𝑑4.6  ~ 𝑂 𝑑6

Find 𝐴𝑖 𝑖=1
𝐾

(Numerical)

Linear Independence of 𝐴𝑖
†𝐴𝑗 𝑖,𝑗=1

𝐾



Neural Networks

حل مسئله با روش شبکه های عصبی
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Extreme Classifier

𝐶𝜙

Extreme

Non-Extreme
Machine



𝐶𝜙

Extreme

Non-Extreme
𝑓 𝜃1, ⋯ , 𝜃𝑚

Extreme Classifier



Learning

𝑦

𝑥

𝑦

𝑥

𝑦

𝑥

Training set

Test set



Learning

𝑦

𝑥

𝑓𝜃1,⋯,𝜃𝑚
𝑥, 𝑦 Training Loss

Training set



Learning

ℒ = 𝑓𝜃1,⋯,𝜃𝑚
𝑥, 𝑦 − 𝐿 𝑥, 𝑦

Training Loss

𝑥, 𝑦 ∈ Train set



Learning (Optimization)

ℒ → 0 ⇔ 

Global Minimum
https://www.aic.fel.cvut.cz/research-areas/optimization



Evaluation

https://www.aic.fel.cvut.cz/research-areas/optimization

𝑦

𝑥

Test set

𝑓𝜃1,⋯,𝜃𝑚
𝑥, 𝑦 Test Loss
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A Neuron 

𝑥1

𝑥2

⋮ ⋮

𝑥𝑑

𝑛 𝒙 𝑛 𝒙 ∈  ℝ
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A Neuron (Mathematical Description) 

Mehta, P., Bukov, M., Wang, C., Day, A. G. R., Richardson, C. C., Fisher, C. G., & Schwab, D. J. (2019). A high-bias, low-variance introduction to Machine Learning for physicists. Physics 

Reports, 810, 1–124.
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Possible non-linear activation function

Mehta, P., Bukov, M., Wang, C., Day, A. G. R., Richardson, C. C., Fisher, C. G., & Schwab, D. J. (2019). A high-bias, low-variance introduction to Machine Learning for physicists. Physics 

Reports, 810, 1–124.
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https://tikz.net/neural_networks/

A Neural Network (NN)
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https://tikz.net/neural_networks/

A Neural Network (NN)

𝑛1

𝑛2

𝑥1

𝑥2

𝑥3

𝑥𝑛1

⋮

⋮

𝑥′1

𝑥′2

𝑥′3

𝑥′4

𝑥′𝑛2

𝑥′𝑖 = 𝑎 𝒘𝒊 ∙ 𝒙𝒊 + 𝑏𝑖 𝒙′ = 𝑎 𝑤𝒙 + 𝒃⇔

𝑤 =

𝒘1

⋮
𝒘𝑛2 𝑛2×𝑛1

𝒃 =

𝑏1

⋮
𝑏𝑛2 𝑛2×1
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https://tikz.net/neural_networks/

Learn a NN

𝑓𝑤𝑖,𝒃𝑖
𝒙in⇔



32
https://tikz.net/neural_networks/

Learn a NN

Feed Forward

Back Propagation

ℒ

Adam
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Universal Approximation Theorem

• A neural network with a single hidden layer can approximate 

any continuous, multi-input/multi-output function with 

arbitrary accuracy.

Mehta, P., Bukov, M., Wang, C., Day, A. G. R., Richardson, C. C., Fisher, C. G., & Schwab, D. J. (2019). A high-bias, low-variance introduction to Machine Learning for physicists. Physics 

Reports, 810, 1–124.
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Complexity for Training a NN

Mehta, P., Bukov, M., Wang, C., Day, A. G. R., Richardson, C. C., Fisher, C. G., & Schwab, D. J. (2019). A high-bias, low-variance introduction to Machine Learning for physicists. Physics 

Reports, 810, 1–124.

𝑂 𝑛𝑡𝑟𝑎𝑖𝑛 × 𝑛𝑒𝑝𝑜𝑐ℎ × 

𝑖=0

𝑙−1

𝑛𝑖𝑛𝑖+1



Qubit Extreme Detection,

Qutrit Extreme Detection

(تایجن)حل مسئله با روش شبکه های عصبی 
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Architecture of our NN:
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95
105

120
130 145

117
93

42
25

# 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 = 106 115 



Qubit Extreme Channels
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Extremal Qubit Channels (d=2)
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Non-Unital

Unital



Extremal Qubit Channels (d=2)

39
Ruskai, M. B., Szarek, S. J., & Werner, E. M. (2002). An analysis of completely-positive trace-preserving maps on M2. Linear Algebra and Its Applications, 347(1–3), 159–187.

Mendl, C. B., & Wolf, M. S. (2009). Unital Quantum Channels – convex structure and revivals of Birkhoff’s Theorem. Communications in Mathematical Physics, 289(3), 1057–1086.

Unital

𝒰 𝜌 = 𝑈𝜌𝑈†

𝑈 ∈ SU(2)



Extremal Qubit Channels (d=2)
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Non-Unital

Extreme

Unital

Extreme

Non-Unital



Detection of Extremal Qubit Channels using NN

41

Non-Unital

Training set

Test Accuracy = 99.6%

Test Accuracy

Of Non-unital

Extreme

= 12.6%



Detection of Extremal Qubit Channels using NN
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Non-Unital

Training set

Test Accuracy = 100%

Test Accuracy

Of Non-unital

Extreme

= 17.7%



Detection of Extremal Qubit Channels using NN
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Non-Unital

Training set

Test Accuracy = 100%

Test Accuracy

Of Non-unital

Extreme

= 100%



Comparison of Complexities
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Algorithmic NN

𝑂 𝑑6  ~ 𝑂(26) 𝑂 𝑑4  ~ 𝑂(24)



Qutrit Extreme Channels

45



Extremal Qudit Channels (d>2)
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Non-Unital

Unital



Extremal Qutrit Channels (d=3)
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𝐴1 =

0 0 0
𝛼 0 0

𝛽 0 0
,  𝐴2 =

1 − 𝛼 − 𝛽 0 0

0 1 0
0 0 1

 

𝐵1 =
0 𝛼 0
0 0 0
0 0 0

,  𝐵2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

𝐶1 =
0 0 0
0 0 0
0 𝛼 0

,  𝐶2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 



Detection of Extremal Qutrit Channels (d=3)
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𝐴1 =

0 0 0
𝛼 0 0

𝛽 0 0
,  𝐴2 =

1 − 𝛼 − 𝛽 0 0

0 1 0
0 0 1

 

𝐵1 =
0 𝛼 0
0 0 0
0 0 0

,  𝐵2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

𝐶1 =
0 0 0
0 0 0
0 𝛼 0

,  𝐶2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

Training set

Test Accuracy = 100%

Test Accuracy

Of C = 100%



Detection of Extremal Qutrit Channels (d=3)
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𝐴1 =

0 0 0
𝛼 0 0

𝛽 0 0
,  𝐴2 =

1 − 𝛼 − 𝛽 0 0

0 1 0
0 0 1

 

𝐵1 =
0 𝛼 0
0 0 0
0 0 0

,  𝐵2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

𝐶1 =
0 0 0
0 0 0
0 𝛼 0

,  𝐶2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

Training set

Test Accuracy = 100%

Test Accuracy

Of B = 100%



Detection of Extremal Qutrit Channels (d=3)
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𝐴1 =

0 0 0
𝛼 0 0

𝛽 0 0
,  𝐴2 =

1 − 𝛼 − 𝛽 0 0

0 1 0
0 0 1

 

𝐵1 =
0 𝛼 0
0 0 0
0 0 0

,  𝐵2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

𝐶1 =
0 0 0
0 0 0
0 𝛼 0

,  𝐶2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

Training set

Test Accuracy = 100%

Test Accuracy

Of A = 0.8%



Detection of Extremal Qutrit Channels (d=3)
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𝐴1 =

0 0 0
𝛼 0 0

𝛽 0 0
,  𝐴2 =

1 − 𝛼 − 𝛽 0 0

0 1 0
0 0 1

 

𝐵1 =
0 𝛼 0
0 0 0
0 0 0

,  𝐵2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

𝐶1 =
0 0 0
0 0 0
0 𝛼 0

,  𝐶2 =
1 0 0

0 1 − 𝛼 0
0 0 1

 

Training set

Test Accuracy = 100%

Test Accuracy

Of B
= 73.2%

Test Accuracy

Of C = 94.5%



Extremal G-covariant Qutrit Channels
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𝑆4

𝑆3

𝐴3



Detection of Extremal G-covariant Qutrit Channels
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𝑆4

𝑆3

𝐴3

100%

50.2%

51.0%



Detection of Extremal G-covariant Qutrit Channels
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𝑆4

𝑆3

𝐴3

80.2%

100%

75.0%



Detection of Extremal G-covariant Qutrit Channels
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𝑆4

𝑆3

𝐴3

92.1%

97.5%

100%



Comparison of Complexities
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Algorithmic NN

𝑂 𝑑6  ~ 𝑂(36) 𝑂 𝑑4  ~ 𝑂(34)



آینده پژوهی
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آینده پژوهی

oدادن وابستگی بُعد به لایه های پنهان و بررسی عملکرد شبکه ی عصبی در بُعدهای بالاتر

oتولید کانال های اکستریم با استفاده از شبکه های عصبی مولد
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!تشکر از توجه شما
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پیوست
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Extremal Qubit Channels (d=2)

62
Ruskai, M. B., Szarek, S. J., & Werner, E. M. (2002). An analysis of completely-positive trace-preserving maps on M2. Linear Algebra and Its Applications, 347(1–3), 159–187.

Mendl, C. B., & Wolf, M. S. (2009). Unital Quantum Channels – convex structure and revivals of Birkhoff’s Theorem. Communications in Mathematical Physics, 289(3), 1057–1086.

Non-Unital

𝜆3 = 𝜆1𝜆2

𝑡3
2 = 1 − 𝜆1

2 1 − 𝜆2
2  , 𝑡1 = 𝑡2 = 0

𝑇𝜙 =
1 01×3

𝒕𝜙 𝑀𝜙
→  𝑀𝜙 =

𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

 , 𝒕𝜙 =
0
0
𝑡3

1 2

3
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