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پیش گفتار

با شد. چاپ ͷانیͺم با آشنایی کتابِ عنوانِ با و فاطمͬ انتشارات توسط˼ ١٣٨٨ سالِ کتاب ابن

این شد. داده عودت خودم به کتاب انتشارِ حق̞ داشتم فاطمͬ انتشاراتِ با که قراردادی به توجه

آدرس̞ به الزهرا دانشͽاه˼ در من ͬ یِ شخص صفحه ی در ویرایش

staff.alzahra.ac.ir/aghamohammadi

است. دانلود قابل̞

آقامحمدی امیر

١٣٩٩ تهران،
http://staff.alzahra.ac.ir/aghamohammadi

https://www.youtube.com/channel/UCFGDlcj-NiSA_o4AeVtfkSg
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̂ &��2 �����������
-#� ��=� U*J ,& Q
 @\ �
 ���������� �� aZ R� Y�2�:� ����
 �
��'� �� �
 ���� ������
���6 Y-#� ���'� ?&� aZ R� U*J Q
 @\ · · · 
 -�@\� ?&� 
 ��� ?&� �� aZ R� =. U�&@`�
x = 43 ± 1 mm �
 R� �K�I -#� ?5B� �@2�� �"��� �&VP��W�F� ,& �
 ��� =.
x = 43 ± 0.234 mm �
�6 ��� Y-#� 1 mm �
 =:��� �� �� �
 �;L 7�@D?&� �� Y�2��
	
 ��KW � � $S �
 �;L 
 ��2���� � !����� -
 �� � � ��6 �
 ���� �� �� &� Y-#� ������
pBJ UW �� �� �����2���������� �]�!9� �
 �W-�� �� =. �� ��6 
� =. �!�
 Y�!�����
-
 �� ���@��B� =X�!� -
 �� =. �2�� $��s
 �@ �&�� �42 mm + 2.2 mm aZ R� �U��.��
,& �
 ������ $
 ��� �� 7��
� �W�� Y-#� 44 mm =X�!� pBJ ?&� �� Y�2�� ��k��� �
�6
�U�&@��� �2�� A = 1000B ��� aZ R� �U��.�� ���]!#� ���K� �
 =:��� �
 =B�. �� -�B.
���K� �
 =:��� t�P 100,000 7�@D ?&� �� Y-#� B �� ��q�K� ���K� �
 =:��� =# A

� ��� ?&� = � Y-#� 10 �� � �q�K � ���K � �
 =: ��� E2 1,000,000 
 �10 �� � �q�K �
u��G =� �G
 �10 �� -#� ��,&�K� 1,000,000 =� 100,000 ���K� �
 =:��� u
 ��G =�
10 
 100,000 �
 =�D�" �
���� 9 �Z:&�'� 1,000,000 
 100,000 �
 =�D�" ��6 
� v
 a!L�

digital2

a+ δa1 − δa2 .� ��/ �� ������ ,� �0� ,�� 
�0� ���# $�1�� ������ �20�3 �4� �� ,%� 5673

,� �0� �� ������ 
��89�� $���%� ���#&6�� � �� �4� * ,:!� "��; *" δa2 * δa1 �� "�1 <���#
$,�� a − δa2 �= ������ 
��8-� * a + δa1 ����� ������ ������
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���]!#� ��6
10 �
 ��:� �� U!&��`G �� [Z @B�� ���K� �
 =:��� �
 �k��� $
 ��� �
 ��� Y-#�
�� 6.02 × 1023 ���& 
 ����

S �
�6 -#� log 3 ≈ 0.5 =. ?&� = � =J@ � � � Y�@2��
�
 =:��� �� -#� ='��� 5.259 × 105 �

� =. Q�# ,& 
 �-#� 1024 �
 ���K� �
 =:���

Y-#� ='��� 106

�� Q�B2 %
 ;� �
 =�D�" �
 ���� 10−7 �� �!� �
�����!#� ��!�� �� Y-#� �!� Q@\ �
  �

=. -#� �G@\ �!� �
�����!#� ��
��� Y��. ���c� ������!#� ?&� �W��� Y4��!"���� �@!#�
�
 R� ��`&� �
 �W� �
 Q@\ �
 ��� Y�&�B�P�� =���0 	�O 1/299 792 458 �� ag L �� �@�
�� Y�@2�� ���]!#� K�� �1 mm := 10−3 m ��!����� �& �1km := 103 m ��!�@��.
,���5� �� =. ��`&� -
 �B. Y-#� “�@2�� w&���” -
 �a6 �: -
 �a6 =;��� ?&�
UT�� �
 ��
� �� ����
� �
 ��&�P �W Y-#� $��� U�!*W 
�=�
 � $S �
 ���������� ��
=���0 ����� Y-#� $��� �
  �
 =���0 Y��. 1�9!�� $��� �
�����!#� $
 �@�6 =� $�@��� ��
�� =���0 ,& ��
��� Y�2�� w&��� 1

60×60×24 ���& ���2�@L 
̂ #@!� �

 � s
 �#� ��
Y�@2�� w&��� �133 	
@&K# U
 �� �
 �WE��� �� �5& 7
 �2����� �
 ��
� �� �:&�d %
 * 
�
 ��@L Y���� i����� 9,192,631,770 =���0 ,& �� �@2�� E��� U�� ?&� �� =. ��@�
�
 �W�!���� P ���� �� � � �
a6 Y-#� $S �
 [� � -
 �� 
 $�@ � s�!#� �� ���� �� !#� ?&�
�� ��� �
 �W�8" �� =. -#� 	�J �W$S �� �5& YU�W��� -:*� 	�*J� =� UW ��`&�
�M��GS x
 �J �� ��=��� Y-#� �kg �	��@��. 	�J �
 �W� �
 �� �5& YU&@2�� ��2S $S
�� 
 ��2 1�9!�� 	�J �
�����!#� $
 �@�6 =� -#� �����P ����G�h@" =. 	@&�&�&� 
 ?���P ��

Y�@2�� ����=`� =*���" �� ����@�
-6�#���!�@��. aZ R� �-#� �:�.�� $�2�
  �
 -6�# �
 R� �W�&VP��W�F� �N��
aZ R� YU��. ���]!#� �W� �
 �
 &�:� �� U�W�@9� -#� ?5B� �W�� ���@� ?&� �� Ynkm/ho
�
 ��� YU�*&@�� K�� =���0���!� %
 * �� U���@��� �� -#� 72 km

h =. ���2�� -
 6�#
=� -#� 1@L YU��. ���]!#� 1000 m

1km �
 R� �&�W�*. �� ���O �W �
 ��� -#� 	�[ ��.?&�

>"�1�� ��?�	 �= @� �A1 -���B� &�� �� 
��6 C� �1 �#�4
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�� h 
 km �
 �W� �
 �&� Q
 �R� �� Y-#� ,& �� ����� �*. ?&� =. U��. =J@� =!5� ?&�
Y�&S�� -#� =� =���0 �� �!� %
 * �� -6�# 
 ��@2�� vV �*. y
 �9� 
 7�@D

72
km
h

= 72
��km
�h

× 1000m
1 ��km

× 1 �h
3600 s

= 20
m
s

. n2o

��
��� ����� ���

U&�&� =. �@\$�BW Y5U&@2 ��2S ������ �
 ���� i
 
� �� U�W�@L�� E9� ?&� ��
	
� f
 @� �
 �W-�B. 
 ������O Q
� f
 @� �
 �W-�B. m���=!#� 
� ,&K�" �� �W�&VP��W�F�
�
 ��O 
 �[t] = T $��� �
 ��O �L �U�W��� $�F� [x] �� �� $S =. x $�5� �
 ��O Y��!*W ���O��
,& 7
 ��_ �
 ���� 
 Q
� f
 @� �� ��&VP��W�F� K�� ,& Q
 @\ Y-#� [v] = LT−1 -6�#
�
�`!#� ,& ������O �
 &VP��W�F� -
 �B. �W �
 ������ �
 =)��� �
 ��� Y-#� 	
� f
 @� �� ���
aZ R� Y�@2�� e@6 -�B. �
 ���6 �
��'� �W� �
 �
�`!#� �
 ��c� �� Y-#� 	�[ � �

�
��'� xP YU�* &@ � � U � ��@ ��� 100 cm � & 
 1 m �
 �W�52 = � �� K � � ,& f
 �] ���

Y���� �`!*� U��.�� 1�9!�� =. �� �
 �
�`!#� =� ������O -
 �B. �W �
 ���6
-
  �*� �
 ��� =. ��=;��� �� aZ R� Y���z ���OUW =G���� v
 �\ 
� ���
�*� �W ��
�� Y����� L2 �
 ��O =G���� v
 �\ 
� �W �A = ab �U&��� b e
 �6 
 a Q
 @\ �� ��;!*� ,&
�
 �
�*� �G
 �@2��e@6 =G���� v�\ 
� �W �
 ���6 �
��'� �W� �
 �
�`!#� �
��c�
$�@��� UW A/(ab) = 1 7
 �@D =� �� =;��� ?&� =!:G� Y-#� ������ $�.�B. v�\ 
�
�W �� �LS �
 =G���� -
 #�� -B# Y�����O�� =;��� v
 �\ 
� 7�@D ?&� �� Y-2@�
��2�� w�!9� �
���� �� �&�W-�B. �
�*� ,& v
 �\ 
� ��� Y-#� 1 �� �
 �
�`!#�
�� ��8�� ����� �� ��6 �� @�D�� �� 8C��� E� F� �� ��� $,�� ����6 
�� �" �G/� H� )��� 6� 1 H� )��5

$����:� �� 2 H� )��
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{
 �:� �
 ������ =� �&@��� ?* Y�2�� -#�� ���@��� � �
 �
�`!#� ,& �� �j�� =X�!�
?&� ?
 �� �&@`� 
� ��� Y-#� ��.��� ��6 =� B {
 �:� �
 ������ =� 
 ��.%�\ ?�* �� A
1�9!�� �� p��
 �� Y-*�� w&���i@L 
� v
 � �-#� ������ B = A2 �
 =;��� ��6 
�
$��@� 1000 �A U��. e�" Y�&S�� -#� =� �]�!9� t
 &�!� w�!9� �
 �WQ@P �
  �

10000 �A U&��`� Q�&� �� � �
 ��� Y$��@� 1000000 �@2�� B 7�@D ?&� �� �2��
��� ��L[�� 
 Yn-#� $��@� 10000000 $�BW =.o Q�&� 100000000 �@2�� B 
 Q�&�
6$��@� 1000 $�BW =.o �[� ,& �@2�� UW B 
 �[� ,& �A U&��`� �[� �� � �

v
 �\ 
� �&�� ��2�� -#�� �� �
 �
�`!#� �W �� �5&K�" ��=;��� U�W�@9� ��� Yn-#�

Y��2�� ���OUW =;��� $S �� �
�*�
� & 
 ���K � �� U� ��@ ��B� 
 -#������ ����� �O -
 �B. ,& �
 �5I@. 
 ���K �
-�B. �
 ������ �W� �
 �
�`!#� �
 ��c� � � YU��K� v� ������O -
 �B. ,& �
 �5I@.
7	
�!*`�S %
 * �� ��� �� -#� 1m =. �� K�� ,& f
 �]��� Y�@2��e@6 �&VP��W�F�
���*� ���6 U�*&@� � 8��@X� �
  �
 %
 * �� ��� 
 q�K� �� �*� ���6 U�*&@� �
��� [� Y�&S�� -#� =� ���O�� �!�B. ���OUW -
 �B. 
� U�*'� �� Y-#� ,I@.
,I@. ��6 ?&� =. U� &@` � U � ��@ ��� �U�X�* � 1 = � -:*� �� ���K � 
 �5I@.
����6� � � � & ��= !*W �� � �� = � -:* � d1 = 1m �
 = �D� " aZ R � Yq�K � � & -#�
�K �I �� � & 9��@ � Q
 � # ,& = � -:* � 
 �q�K � �� �* � d2 = 10−15 m �
 = : �� ��
Π1 := d1/d2 = 1015 � 1 7�@D ?&� �� Y-#� ,I@. ���*� d3 = 1016 m �

� 
��� Y����� �`!*� UW � �
 �
�`!#� =� ��L�z 
̂ ��
 � YΠ2 := d1/d3 = 10−16 � 1 


$-������# ����8 1000 �� �7" �#"�� �� ���6
* "� 1� � &"�" 9 �� 0  Å � � 5* � � % B  = $, �� 5*� � % B  = ( � �� � : 8� � 6� �I*� � � -� 8� @� � A 17

$1 Å = 10−10 m

$"� 1� � &"�" 9 �� 0  AU � � * , �� � � 1�� � ��*" � � 
 � �6 ���� � @� � A 1 J� �� K  �� 3�*8

$,�� 1AU = 1.5 × 1011 m

* 3 × 108 m/s �2:� ��8 �� ,� ;�� $����� �L +�� (� �" �� �� ,�� ���G/�� ��� +� �� (�9

$,�� 3.15 × 107 s �2:� ��8 +��(� .� ��
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$�BW �U��. ���V��J UW nmm aZ R�o ��`&� �
  �
 �W %
 * �� �� d3 
 �d2 �d1 �
��'�
Y�&S�� -#� =� Π2 
 Π1 �
 ��� ��:� �
 ���6 �
&��'�

=I U��� : � YU&��� ��.
�# $@.� �@� �
�� �� � � �&�W-�B. � � �W=:#��� �� %�H�
�� �& pBJ $�@��� �� ���OUW -
 �B. 
� Y��� 	�X�� $�@��� ��� ���O �
 �W-�B. �� �&�W��.
�� �
 �W-�B. p
 BJ ��� Y���� �� ���O $�BW �&S�� -#� =� =. UW �!�B. 
 ���. U. UW
pBJ $�@��B� - �*� �
 ��O �� �!�B. �� �� Q@\ ���O �� �!�B. Y-#������ w�!9� �
 ��O
�� Y��. U�*'� UW �� �& 1�d UW �� $�@��� �� 7
�]!� �
 ��O �� �
 �W-�B. ��� Y��.
Y�&S�� -#� =� UX �
 ��O �� �!�B. - �*� �
 ��O �� �!�B. �� Q@\ �
 ��O �� �!�B. 1
 �d
Y-#������ w�!9� �
 �W���O �� �&�W-�B. �
 ��� K�� ���,I@. | ���q�K� �
 =*&�'�

m=DaL �
@\ =�

Y��. U. UW �� �& pBJ UW �� $�@��� �� ���OUW �
 �W-�B. �j�� n�

=. ����� ��
KG Y��. U�*'� UW �� �& 1�d UW �� $�@��� �� w�!9� �
 �W-�B. n�
�
����z U
 �*'� 
 1�d �� K�� �&�j� -
 �B. �
 ��O Y�2�� �5& $�2�
 ��O �W-�B. ?&�

Y�&S�� -#� =� �W-�B. $�BW

�
 R� �
 ����

f(x) = a x2 + b x3, n3o

?&� �� ��� Y�2�� �5& bx3 
 ax2 �
 ��O =. -#� A��D ������z u
 ��G �� ���@D �� �j��
�&�� $S 7
 aBJ 	
 �B� �G
 ��2�� ������O ����@��� 7aBJ 	
�B� ��=�BJ��I,& ��

�
 R� ����� Y��2�� ���OUW

f(x) = sin ax, n4o
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sin ax 
̂ *� �� ��&� Y�2�� ���O�� ax =. -#� A��D ������z u
 ��G �� ���@D �� �j��
���O�� �&�� p��� $
 ��@��S ����@� ?��I �
 ��� p��
 �� Y��@2�� �W�} a3x3 
 ax 7
 aBJ

�&��`� �T� �� �� �&� p
 ��� Y�2��

y = C1e−C2x + C3x
3 + C4. n5o

?&� �� =. �&�W�!����P �
 ��O 7�@D ?&� �� Y-#� L �y 
 x �
 ��O =. U����� ���. e�"
��� �&� �
��� =� ��2 ���
 =G����

[C1] = L, [C2] = L−1, [C3] = L−2, [C4] = L. n6o

�
 �E�� YU�#��F� �� $S �� U.� ?
 ���@� -#� 	�[ ��&�P ,& k
 ��� �
 ���� �
 ���
�
  =� ���� �& U�#��2�B� �� ��&�P �� U.� ?
 ���@� �& �-*�� ���. �� 7
 �6a\� 7��
�
~�W U���@��B� �� =. -*�� ?&� v� ?&� �
 ���� =!:G� YU�!*�� $S �� �2�� 7
 [����
=��*� �
 �5&K�" �
 �W-�B. �
 ��O �� f
 a\� �j�� ��� YU�2�� =!2�� ���5&K�" �
 =X�!�
t
 &�!� �2�� ��E�� �� 7
 �6a\� =I�W Y��. VL� �X&�!� $�@!� -#� ?5B� �@�W �2��

Y�&S�� -#� =� ���E��
��� Y-#� 	��@��. 100 E��J 
 �!� 2 i�� =. �&��`� �T� �� �� ���" (1Q
 �R�
8 E��J 
 �!� 4 ���& ����� 2 i�� ��@2 s��'� 2 %
 &�d �� ��" ?&� $
 �� �
���� �
 =BW
���& �E&�W�P �
 
� �
�F" 
 ����� 4 E&�W�P A
 ;# Y�@2�� 	��@��. 800 ���& �����
= .? &� �
 � G� -#� ?5B� Y�@2�� � ��� � 2 �A;# �
  �
 �� E&�W� P � � ���
 �
 
� � �
?&�o -#� UW =
 �:2 =BW $
 �@9!#� x
 �J $@I Y�2�� ?�BW U&���� ��!� 4 �
 �W	�S
�@2 � �E�� �� �� �W� P �
 
� �
�F" ��� �n���@L�� UW =��X� � � =. -#� �d�"
=��F�� ���. �B�� ����@��� �W�P =. ���F" =��F�� ?
 !*��� �� Y��52�� �P $
 �@9!#�
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�
 =8� �� ?&������ Y��
S -#� =� $�@��� �� �2�� =!2�� ���@��� $�*�� ,& =. ���
x
 �J �& =.?&� �`� Y��
�� ��� ����@!� �&�:� q�K� ���L ��W	�S �& �WQ@H �@�G��

Y�@2 ��q�K� ?��� �� $�2s
 �B� A
 ;# =.?&� �& ��. h�" $�2$
 �@9!#�
�@2�� w�R. ��E�� h�I 	
�S �
 �P ��
�� ��� =�W���P �&�J ��� �H[ 
 h�I 	
�S 
�

Yn���Io
�
 &�@� ,& $S �
 ��D� -
 �892 =. �2�� E9P $@&K&@�� �� ��@���. �����
15 �&�@� Y�&��`� �T� �� �!� 1.5 �
� ��� �� �G@B�� ��&�@� Y�@� ��!� 15


 ���� � 103 = 1000 E��
 �-#� �G@B�� �
 &�@� ,& �
 ��� � 10 �

� i�� ��!�
���& E&�W�P �
 
� �
�F" Y�@2�� ���6 �
 &�@� ,& �
 ���� 102 = 100 E&�W�P A
 ;#
=. -#� ?&� v� ?&� �
 ���� Y-#� ����� 10 UW E&�W�P A
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YU&�
S -#� =� b 
 a %
 * �� �� �S �$S -
  �*�

 �Π3 := S/a2 �Π2 := S/(ab) �Π1 := a/b = � � * � �
 � �O� � �
 � W- � B .
U�&@��� �!�
 Y��!*W �'!*� �� 
� ����O�� -
 �B. ��jI ?&� �� Y��!*W Π4 := S/b2

?&� �� ����� 7
 �@D =� U���@��� �� �`&� �
 ��O�� �
 �W-�B. =.?&� ���& ����'!*� �� 
�
YU&��`� Π2 := S/(ab) 
 �Π1 := a/b �� �'!*� �
 �� 
� U���@��� aZ R� YU�*&@�� �� 
�
-
 �B. 
� ?&� �&@��� ������ �
 ���� YΠ4 = Π1Π2 
 �Π3 = Π2/Π1 7�@D ?&� ��

=. -"�� =X�!� $�@��� n9o �� ���]!#� �� Y��2�� l@��� UW �� �&�� ���O��

Π2 = f(Π1) ⇒ S = abf(a/b). n14o

�
�@� �� =. ��`&� �
 �WK�I �� �&�� [� Y�&@`� ���@��B� ���E�� K
�I ������ �
 ����
���& �-#� �&VPpBJ �!�B. - �*� =. U������ �� YU��. ���]!#� �U������ - �*�
b 
 �a �
���� =� ��;!*� 
� ?
 !2�V�UW �
��. �� =. b 
 �2a �
���� =� ���;!*� -
  �*�
�� - �*� �
 ��&VPpBJ ��&��� [� Y-#� 
� $S -
  �*� p
 BJ �� ����� �@2�� =!L�#
����� α ��;!*� -
  �*� �U��. ����� α �� b �& a ��� YU��. ="�d� ������ �
 ���� =�
=;��� ?&� =*&�'� �� YαS = αabf(αa/b) �@2�� =X�!� =�N� ?&� U
 �B�� �� Y�@2��

�@2�� =X�!� n14o ��

f(αx) = f(x). n15o

7�@D ?&� �� YU��. 1�9!�� x−1 �� ����� �� α -#� �"�. �f p
 ��� $
 ��
S -#� =� �
 ���
Y-#� -�� 0 ����'� C =. �-#� f(x) = C =G���� ?&� 1
 �@J xP Yf(x) = f(1)

YS = Cab xP Y�&@��B� C �
 ������ �
�@� �� ���E�� K
�I ������ �
 ����
7�:0� ������z �
 ���� �� ���]!#� �� �� ��@H�R�" �
 =�N� U�W�@L�� Q�R� ?&� �� (7Q
 �R�
�
 ���� �=&
�� ,& �
 ������ 
 a ��
 Q
 @\ �� �=&
�KG�U)�� r
 �R� ,& U������ YU��.
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a

θ

c

b

a

θ

c

b

θ

������
 �� 	��� �
 ������
 ��  !"#�$	% �� �	&' (� �)*
 m(�� �52

�
@\ =� θ 
 a ?
 !2�� �� �S �r�R� - �*� xP Y�@2��b9F� ��,& �
@\ =� �θ �$S
UW =� �&� �
 =;��� k:\ =. �S/a2 
 θ �U&��� ���O�� -
 �B. 
� Y�@2�� ?���� ��,&

Y���zl@���

S/a2 = f(θ) ⇒ S = a2f(θ). n16o

�� r�R� f
 �]��� ��� [� Y�W��B� �� =� f(θ) p
 ��� �
�@� �� �6a\� ~�W ������ �
 ����
-
  �*� YU&��� θ �
 ���� �
 =&
�� �� 
 c 
 b �a �
 �W��
 �� =&
�KG�U)�� r
 �R� =# �U�F5�

 S2 = b2 f(θ)�S1 = a2 f(θ) 7�@D ?&� �� YU������ S3 
 S2 �S1 �� �Wr�R� ?&�
���]!#� UW �W- �*� �
 �&VPpBJ �� �������z �
 ���� �� �
a6 ��� Q� YS3 = c2 f(θ)

YU�#��� �&� �
 =;��� =� �U��.

S1 = S2 + S3, ⇒ a2 = b2 + c2. n17o

�Z B ! Y-#� = ��F � � & 
 ���#Q�� ��� � �� �
 � �� � �
 � W��� ] ! #� �� �` &� �5 &
�& 
 ���"@� 
 y@� �& 
 �F�S �
 =��2 aZ R� =. �&��� ��& =� �� �&�WU��" �� �&�W=��D
x56 �� �& Y�#��� �T� =� ���8� aZ ��. �G
 �W��� $�F� �� �!F. ,& $
 �2 h�H
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 ���L �&�W=��D ?��I =. U&���&� �� �&�WU��"
���#��� �T� =� ����
 =. �&�WU��" $S �� ���.�B� �5" ��[ ��@� ����
 ��
� 

��X&� ����
 �
 �!F. ,& $
 �2 h�H �� =. �J�@�� Y�@2�� h�H ����
 �
 !F. ,&
k
 &�� ,& v��\� y
 �@�� �� i��L$�B#S ,& ?!L@# �� �2�� �
 �W=��2 �& 
 ��@2��
Y���b�9F� �
 ��� aZ ��. �&�@'� $
 �B!L�# ,& ?
 !L@# �� �2�� �
 �W=��2 
 ,I@.
�� . �� �,I@. k &� � � � � �� = . -#� 	�[ �#� � �T � = � �� ��
 = � �*� =.$S �
 �� �
��G�`I �� i��
�$��� 
 ��G�`I =. �����2 �� aZ R� YU��. e@6 UW �� ���2 �U��.��
�
 0� �� =. �&�Wy@� aZ R� ��� 7�@D?&� �� YU��. ���]!#� ���� h�" 1S �
 �
�$��� 

����
 �
 �Wy@� �
���� -
 :*� $
 �BW k&�� �
���� =� -:*� ��&S�� �@J
=� k&�� $
 �2h�H

Y�#��� �T� =� ����
 �@2�� =)��� =. ��&@8� �2�� ��D� �
 �!F. �
���� =�
�G�� ��!�� ��@2 ��=��#
 ?
 !L�# v�D �!]`�W Q
 @P -#� ���� �!�
 7��
� �W��
?&� �� Y������ 7�@D,I@. Q
 �� ?&� �
 
� �&�WE&���S 
 �@2�� =!L�# ��,I@.
U
 !*�# �� ���. e�" Y�&S�� -#� =� q�K� U
 !*�# �
�@� �� ���6a\� �WE&���S
U���@!� �Z'��� �� -#� ?5B� =I ��� Y��2�� Π1, · · · ,ΠN ���O�� �
 �W-�B. ��D�

=. -#� Ad�
 ��:� �
 �Wr�� �� �G
 �U��. ����� �ZB�'!*� �� ��D� �
 =��*�

Π1 = F (Π2, · · · ,ΠN ). n18o


� �W �� U.� ,
 &K�" YU&��#�� �!5I@. ������ �� �G
 ��D� U!*�# =
 �:2 �B!*�#
U&��� UW Q�� U
 !*�# �
 ��� U�#��2�B� �� F p
 ��� ��I �W ?&� �� ��� �-#� �5& U!*�#

Π1m = F (Π2m, · · · ,ΠNm), n19o

���E�� Q
 �!�. Q�� U
 !*�# �
 
� $@I Y-#� Q�� �
 ��O�� -
 �B. ?���O i �Πim =.
=. U&��#�� ��@J �� Q�� U&���
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Π2m = Π2, · · · ,ΠNm = ΠN . n20o

UW �W$S �
 I -
 B# =X�!� �� Y��@2�� �5& n19o 
 n18o 
̂ ��
 � -
 #�� -
 B# xP
YU�2�� =!"�� ������ �� Π1 =. -#� $S �
 R� p��
 �� Π1m �
 ��������� �� Y��2�� �5& �&��
���2 -
 6�# YU&�=!2�V� �����2 $
 
�� �� l′ 
 l �
���� �� ��52��;!*� �
 =�]D (8Q
 �R�
�
 �G�`I Y-#� LT−1 �
 ��O �� v $S �
 ������ 
 -#� =�]D �� �@B6 �
� �=�D�" ��
�
 � �O M =. -#� ML−3 �ρ ���2 �
 �G�`I �
 ��O Y-#� 13μ $S �
 �
�$��� 
 ρ ���2
�
 �W�!����P =� �@2�� ���
 ��;!*� �� ���2 v
 �\ �� =. �&
��� ���. e�" Y-#� 	�J

Y-#� MLT−2 
��� �
 ��O Y���� �`!*� v 
 �l �l′ �ρ �μ
��$S 
 U&����� l′0 
 l0 �
���� �� ���;!*� �� Q�� �
��� ?&� $
 ��
S -#� =� �
 ���
����� 100 Q�� �
���� YU�W��� ���� -#� v i�-6�# =. ��`&� �
 ���2 e
 ��� ��
$S �
 �
�$��� 
 �ρ0 = 10ρ 	
� �
 ���2 �
 �G�`I Y-#� ��D� �
 �;!*� �� ��,I@.
�
 �;!*� �� ���
 �
 
��� Y-#� ��2 F0 Q�� �
 �;!*� �� ���
 �
 
��� Y-#� μ0 = 0.1μ

�-#� ���=I q�K�
��L� �
 5&K�" �
 �W-�B. -#� 	�[ ��;!*� �� ���
 �
 
��� $
 ��
S -#� =� �
 ���
�W-�B. ?&� �� Q� YF 
 �l �l′ �v �ρ �μ �� ���z7��:6 �W$S YU&��`� �T� �� �� =G�g*� ��

YU&��#�� Π �
 R� ���O�� �!�B.

Π := F a lb l′b
′
vc ρd μe.

Y�2�� ���O�� �&�� �&� -
 �B. =. �@2�� =X�!� �J?&� ��
$"��#�� �� -� �� ,:% &��1 �� ����7 ,� ;�� �� ��R8 �� �G) �� ,�� &��1 6� �������� �* ����#13

$,�� [μ] = ML−1T−1 �* ����# �� A�S $,�� ,T �� �* ����# 6� �89�� C%; �� �* ����# U2 !�
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Ma+d+e La+b+b′+c−3d−e T−2a−c−e,

�J ?&� �� =. Y-#�W�B� $
 �@� �]D ����� =� ?&� =.

d = −a − e, c = −2a − e, b = −(2a + e) − b′.

YU&�=!"�� �'!*� �
 �W�!����P $
 �@�6 =� �� e 
 b′ �a �J?&� �� YU&��� �'!*� �
 !����P =#
=. �@2�� =X�!� �W?&� ��

Π :=
(

F

ρv2l2

)a ( l′

l

)b′ ( μ

ρvl

)e

,

? &� �� � � 
� ? ! 2�V � � ] D � � Y- #� � � �O� � e 
 b′ �a �
 &�� ' � �
 = B W �
 ��� = �
�Π1 := F/(ρv2l2) �
 ��O�� -
 �B. =# ��2�� 1 �� ����� 	@# �
 !����P =.?&� 
 �W�!����P
=� �`&� �
 �W�!����P 1
 �9!�� �� YU&�
S�� -#� =� �� Π3 := l′/l 
 �Π2 := μ/(ρvl)

�� ����@� =!:G� =. ���&S�� -#� =� ��`&� �
 ��O�� �
 �W-�B. ��'!*� �
 !����P $
 �@�6
���O�� �
 �W-�B. ?
 �� ��=;��� �&�� �&�j� �
 �5&K�" �
 =;��� Y��!*W Π3 
 Π2 �Π1

xP ��2��

F

ρv2l2
= f(

μ

ρvl
,
l′

l
). n21o

U&��� UW Q�� �
 �;!*� �
 ���

F0

ρ0v
2
0l

2
0

= f(
μ0

ρ0v0l0
,
l′0
l0

). n22o

μ = 10μ0 
 �v = v0 �ρ = 10−1ρ0 �l′ = 100l′0 �l = 100l0 =. ?&� =� =J@� �� ���
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μ

ρvl
=

μ0

ρ0v0l0
,

l′

l
=

l′0
l0

. n23o

� &� � U W � W$S �
 I -
 B# xP �-#� �5 & n22o 
 n21o 
̂ ��
 � -
 #�� -B# $@I
?&� �� ��� Y�2�� �
�*�

F

ρv2l2
=

F0

ρ0v2
0l

2
0

, n24o

m-2�� U�W�@L ���V���J �� =.

F = 103 F0. n25o

��� � �	
 !� �	 �"��� � 
#�� $%�&� '��

,&K�" �
 )�*� �
 . =� -:*� ��. � -�� =� $�@��� =. ,&K�" �� ��)�*� �
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�
 � W��K �� ? &� �Uj � �� �5 & Y�2 � � ��O� � � &� : � � �� Y-#� � ]D �Z : &� ' � 
 U . �� �* �

 �=�
 � ��)�*� �� 7��
� ���L Y-#� �:&�'� �
 �Wi
� �� ���]!#� �W=F�P,&K�"
?&� �
  �
 ��� Y���� �
 ��� =. ��!*W ��`&� �
 =��*� =
 �:2 %&�'� =� =. U&@2��
�
 �Wi
� �� �&��2S 	K�!*� ��� ?&� YU��.�� ���]!#� �:&�'� �
 �Wi
� �� �)�*�

-#� x0 �
 =;'� Q
 @ f(x) p
 ��� 
̂ *� �&� 
̂ *� Y-#� p��� ,& $
 ��%&�'�

f(x) = f(x0) + C1(x − x0) + C2(x − x0)2

+ · · · + Cn(x0)(x − x0)n + · · · , n26o
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x − x0 
 ,&�K� x0 =� ���L x =. ���@D �� Y��!*W �!��0 �
 &��'� · · · 
 �C2 �C1 =.
���L -#� ?5B� x − x0 �
 [�� �
 �W$�@� �
 ��2 �
 �W=�BJ 14�2�� ,I@. ���L
,& �� �W�� =�BJ -&�j��� �
 ��2 ��# ,& ��J =� 7�@D ?&� �� Y��@2 ,I@.
p��� �
 ������ �� �:&�'� $
 �@�6 =� -#� ^*� Q
 
� �
 =�BJ ��I $�BW =. ��=�BJ ��I

Y-#� �&� 7
 �@D =� x0 = 0 Q
 @ p��� ��I 
̂ *� Y�@2�� ���]!#�

sinx = x − x3

3!
+ · · · + (−1)nx2n+1

(2n + 1)!
+ · · · ,

cos x = 1 − x2

2!
+ · · · + (−1)nx2n

(2n)!
+ · · · ,

ex = 1 + x +
x2

2!
+ · · · + xn

n!
+ · · · ,

(1 + x)k = 1 + kx +
k(k − 1)

2!
x2 + · · · + k!

n!(k − n)!
xn + · · · ,

1
1 − x

= 1 + x + x2 + · · · + xn + · · · . n27o

�� Y�2�� ������ |x| < 1 l
 �2 �&�� �LS 
̂ *� 
� �
 ��� Y15��!*W �@��� 
̂ *� �W^*� ?&�
7
 [���� U�W�@9� ��� Y16��
S -#� =� $�@��� �� -��0 %
 &��d �@��� 
̂ *� w
 &���
�A�S�� ,�0� �= ���� �� -��� �� ���0� �� "�� (	�� 6� ,:F/ ��?* �� �1�� ���Q� ��3 ����14

$�1�� ��1�" ��A� �"�� (	�� �� �1�� ��1�" "�)* �A�S ��0� �� ��B�" ,� �0� ���= �� �1��
$�1�� ��T� ��G�8 V� %� �� ��� ��6 W� ��A8 ,�� 
�0� ���%� ��1= ���#X�M� �� �� � �%� �� ���15

-�%���� �= �� ��� �� ��6 V� %� -� ���� �#� ,�� �G�GF8 x0 �� �4� �" f(x) H� ��8 -���#��

f(x) = f(x0) + f ′(x0)(x − x0) +
1

2!
f ′′(x0)(x − x0)

2

+ · · · + 1

n!
f (n)(x0)(x − x0)

n + · · · ,

x0 �� � 4 �  +� � 3 f(x) ��� G � 8 V� % � V % � 
 �� � � $, �� x0 �� � 4 �  �" f(x) 5�Sn X� � M � f (n)(x0) � �
$-���#��

$-��*= ,�" �� �� Y27Z +� *� V� %� �� [���� �� ���G0) (� 8(8 ������16

sin x
∣∣
x=0

= 0,
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��X� �;L � =I �� U����� �&�� �U��. ���# nx � 1o ,I@. �
 �W x �
 ��� �� n27o
7�@D ?&� �� YU &K &� � �
� �� $S �
 �[� � �
 �W$�@ � 
 x3 �
 =�BJ �� � . e�" Y-#�

�� ���7��:6 x2 �
 =:�� �� n27o 7
 [���� U�&@���

sin x ≈ x,

cos x ≈ 1 − x2

2!
,

ex ≈ 1 + x +
x2

2!
,

(1 + x)k ≈ 1 + kx +
k(k − 1)

2!
x2

1
1 − x

= 1 + x + x2. n28o

7��:6 =G���� ?&� 1
 �@J Y�&��`� �T� �� �� nε � 1o �x2 = 1 + ε �
 =G���� (9Q
 �R�
�� -#�

x = ±(1 + ε)1/2

≈ ±(1 +
ε

2
+

1
2!

(
1
2
)(−1

2
)ε2 + · · ·)

≈ ±(1 +
ε

2
− ε2

8
+ · · ·). n29o

d

dx
sin x

∣∣
x=0

= cos x
∣∣
x=0

= 1,

d2

dx2
sin x

∣∣
x=0

= − sin x
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��#�� ?��� =� ��;� �W �� �F.�� Q@\ 7��=I nwG�
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 � �� -:R� -
 jJ 
 ?��� �� �g�:�

x(T ) = 0 xP YU&����� T �� �#��� ?��� =�

0 = x0 − 1
2
gT 2,

T =

√
4
g
≈ 0.64 s. n16o
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� �
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Y-#� �]D t = 0 �� �Bj# %
 �2 Y-#� v0 = 0 $@I Y-#� �Bj# ,& �� �F9�
[�� =� 
 � �Bj# �
 �'� �-#� -:R� 1�!2 $@I Y-#� t = 0 �� �Bj# �
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0.5 s < t < 1 s �
 ����� �
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 �&�J=��J Y-#� ?�&�P =� 
 � �Bj# �
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� Y�
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7
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1
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2
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1
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2
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1
2
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2
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ā =
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{
er(θ) = i cos θ + j sin θ,

eθ(θ) = −i sin θ + j cos θ.
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er(θ + δθ) = i cos(θ + δθ) + j sin(θ + δθ)

= i(cos θ cos δθ − sin θ sin δθ) + j(sin θ cos δθ + cos θ sin δθ)

≈ i(cos θ − sin θ δθ) + j(sin θ + cos θ δθ)

≈ er(θ) − i sin θ δθ + j cos θ δθ

≈ er(θ) + eθ(θ) δθ. n36o

�
 �W%&�'� �� =:#��� ?&� ��

cos δθ ≈ 1 − 1
2!

(δθ)2 + · · · ,
sin δθ ≈ δθ − 1

3!
(δθ)3 + · · · . n37o


 (δθ)2 �
 =:��� �� ��W=�BJ �U&�=!"�� ,I@. �� δθ $@I ?Bd �� YU&����. ���]!#�
=� U���@��� K�� A&�D �
 ����k!F� �� �� [�� t
 &�!� YU&�=!9&� �
� �� $S �� ��[��

U&�
S -#�

der(θ) = −i sin θ dθ + j cos θ dθ = eθ(θ) dθ,

deθ(θ) = −i cos θ dθ − j sin θ dθ = −er(θ) dθ. n38o
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� =� �� $S U���@��� =. -#�

Y3U�W��� E&�B� vθ 
 vr �� �� �W=]G@g�

v =
d
dt

(rer) = ṙer + rθ̇eθ,

vr = ṙ,

vθ = rθ̇. n39o

=.$��I YU&����. ���]!#� n38o �� =:#��� ?&� �� 
 -#� θ̇ =
dθ

dt

 ṙ =

dr
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$S �� =.

�
 ��c� =� vθ 
 $��� %
 * �� r �
 ������ �
 ��c� =� vr �-#���P UW n(���o �
 52 ��
7�8!9�
�g�:� K
 .�� =� ����&�� �
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vr = 0 -G� ?&� �� Y��.�� ���c� $S -
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d

dt
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 ar �� �� �:;� �
�`!#� �� 1�!2 �
 �W=]G@g�

a =
d
dt

(ṙer + rθ̇eθ(θ))

a = (r̈ − rθ̇2)er + (rθ̈ + 2ṙθ̇)eθ,

ar = r̈ − rθ̇2,

aθ = rθ̈ + 2ṙθ̇. n40o

YU&����. ���]!#� n38o �� =:#��� ?&� ��
��*� �� s�B� �
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 6�# �
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dv
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dev
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+ ev

dv
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dv
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dev
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Δv = aΔt, ⇒ v(t) = v0 + at. n44o
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 �ẋ �y �x �
 ���V��J ��

1
2
g2t2 − 3

2
v0gt sin α + v2

0 = 0.

,&�K� �g�:� =� �Z��X� 1���P �� xP =����P �2�� =!2�� 1�@J =G���� ?&� =. ���@D ��
�� -#� 7��:6 l�2 ?&� Y�@2��

Δ > 0, ⇒ 9
4
v2
0g

2 sin2 α > 2v2
0g2,

Ysin α >
2
√

2
3

�@2�� =X�!��J?&� �� =.
A �
 =;'� �� ����@��� m $
 �#,& �
 �W	�J �� ,I@. ���*� A
 �:*� �
 =��� =# (9Q
 �R�
ACB ��@# 
 �AOB ��`&� �AB U�# ,& Y��Kc�� U�# =# �
 
� C�5;D� $
 
��
�����2 UL �WU�# =. �J �W Y��� ��2 �'"� B �
 =;'� ���& �j!�� �� U�# =# �W Y-#�
�
� �! �� =� �� l�'� ?&� A�:*� �
 =��� =. ��@\ =� ���� �@J
 �5I@. �
 �����

http://staff.alzahra.ac.ir/aghamohammadi

https://www.youtube.com/channel/UCFGDlcj-NiSA_o4AeVtfkSg



/4 ,���5�

A

B

a

b

a

O x

y

C

g

.9 J� �$1 �� ."��1 �6��01 ��	+1 �� !� N	)+� �� ��
� :; 4� ��3 m(4�� �52

�� n(4��o �
 52 Y-#� �5& l�'� ?&� �� xP 
 �:� -#�� -6�# �
 ������ 
 �����
Y����:�

Y��F5� �]�. �
@\ =� A�:*� �
 =��� =# �
 ��� �� t %
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 =;'� =� �WA�:*� �� 	��.�W $
 ��#� $
 ��� n1

Y���. 1�* �� �W$��� ?&� Y������ T3 := TACB �T2 := TAOB

-
 :*� ��@2�� ,&�K� UW =� U�# =# �
 52 =. ���  �� ���& �a/b → 0
��  �� ny
Y���. 1�* �� T3/T1 
 T2/T1

�AB w
 �!9� �
 �*� =# �� A�:*� �
 =��� -
 .� �
 ��� $��� %
 * �� vx �
 �����
��@2 ,I@. a/b ��� Y��� � : � n(<��o �
 52 �� �� ACB ��@# 
 �AOB ��`&�
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sin θ =
a√

a2 + b2
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xP Y-#� √a2 + b2 ��.�� �\ =��� =. �!"�*� �
 .

T1 =

√√√√ 2
√

a2 + b2

ga/
√

a2 + b2
=

√
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ga
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+
b√
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√
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√
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√
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dv
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d
dt
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)
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r = R er,
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√
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v = 20 cot θ (m/s) ≈ 7.3 (m/s). n82o
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|r2 − r1|2 = 2a2 − 6avt + 5v2t2. n83o
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ṙ = ṙ1 − ṙ2 = vAu− vBw. n85o
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x′ = −R sin(ωt),

y′ = R (1 − cos(ωt)) . n91o
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v = (−Rω cos ωt + v) i + Rω sin ωt j,

= v(− cos(
vt

R
) + 1) i + v sin(
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R
) j
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YU � �� �� � E��� � �
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�� -#� 7��:6 	�J 
� ?&� �
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mg sin θ = ma,

N − mg cos θ = 0,

N ′ − Mg − N cos θ = 0,

P − N sin θ = 0. n11o

�&S�� -#� =� N ′ $S 	
@# �
 =G���� �� 
 N [�� �
 �W=G���� =!#� 	

� �
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N ′ = Mg + mg cos2 θ. n12o

��;# �
 
� m 	
�J �2�� θ = 0 �!�
 YU��. �
 �#��� �� 1�@J �
 ���  �
�!"� ��&���
�� 1
 �@J Y�W��� $�F� �� (m + M)g 
���� 
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 �5;D� �� ��� Y���� �!#�� �
 �� �
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2N cos
θ

2
− 2f sin

θ

2
= 0 ⇒ μ = cot

θ

2
. n13o

%
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T + δT

δmg
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���& =;'� ?&��?�&�P �� xP �@2�B� ���
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��� YF = mg
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 F. Y�@2�� ���F. K�� ?
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T − T − δT − δm g = 0, ⇒ δT = −mg

l
δx. n14o

U. mgx

l
�
 ������ =� 1��\ E
 F. U�&��� ?�&�P 1��\ -
 jJ �� x Q
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T (x) = mg − mgx

l
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(T + δT ) cos
δθ

2
− T cos

δθ

2
− μ δN = δm a‖

δN − (T + δT ) sin
δθ

2
− T sin

δθ

2
− δm g cos φ = δm a⊥ n16o
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�� Ysin(δθ/2) ≈ δθ/2 
 cos(δθ/2) ≈ 1 �2�� ,I@. ���L �8�6 ?&� =.�
 � ��
�&�W=�BJ �U��.�� �2@PUFI ��!*W [�� =� 
� �
 =:�� =. �&�W=�BJ �� �� %&�'� ?&�

xP YδTδθ �& �δθ2 �
 R�

δT − μ δN = δm a‖

δN − Tδθ − δm g cos φ = δm a⊥. n17o

���L 1��\ 	
�J =. ������# -
 G� ��&�� � Y-*�� �����# �
�. �W=G���� ?&� �
  
U&��� 7�@D ?&� �� YU��. �#��� �� -#� �2@PUFI �
 ��� 
 ,I@.

δT − μ δN = 0

δN − Tδθ = 0. n18o

�@2�� =X�!� =G���� 
� ?&� �
  ��

δT = μTδθ. n19o

�� EF. 
 �δT = 0 -#� K�I�� A;# �� 1��\ C
 �5;D� %
 &�d =. �D�L -
 G� ��
Y-#� ����� $�B*&� �
 =BW

�
# 
� E
 F. T 
 T0 =. �T = T0 exp(μθ) �@2�� =X�!� n19o �� ?!"�� Q��`!�� ��
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 T ?
 �� =&
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 1��\
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�
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 T1 1��\ �
#
�
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T2

T1
= e2π ≈ 530 n20o

�� EF. ?&� �� ��� Y��2 $�K&
S =. -#� ����\ =5� $�BW $
 �
 v�\ ,& �� EF.
��� Y-#� 300,000 �Z:&�'� %&�d ?&� �
� ��jI �� Y�@2 ����� 530 �� ���@��� �
� 
�
��� �� ��@I �
 =&�P -#� ?5B� �G
 �@2�B� ��� 1��\ �F5� U5�� �� 1��\ %#�
�
 �!F. ,& �@\=I =. �2�� ���. %�J �� �B2 =
J@� UW %�;� ?&� �&�2 Y�@2 ���.
=`� �������� �
 �5&�K� �� ��@!# �

� =� 1��\ �
� ��I $
 �����P �� �� U�T6 ���*�
��@!# �

� =� �� ���B*&� ���. e�" Y-#� �`&� Q
 �R� ,& K�� $
 ����� Y�������
� � 
 $@!# � � $�B*&� l
 �' � �
 =BW U� ���� ��� �� $�B*&� ?&� �!�
 YU &��� ���� P
�� θ �
 ������ -G� ?&� �� Y-"�� ��W�@L ���� s�B� �� $�B*&� �
 `&� �
 �WE9�

Y�2 �W�@L ��q�K� [�� 
̂ ��
 �

=��*� �� ��L� �
 �W
��� �
 =�'� =� -:*� C�5;D� 
 1��\ $
 �
 =. ����\ �� •
Y-#� -��0 1��\ �
 �J=BW �� EF. ���2�� �2@PUFI �
 ���

��2�� =!2�� �@J
 C�5;D� ��� ��2�� K�I�� 1��\ $
 �
 ^'" =. ���@D �� •
$S -
 jJ �
��c� �� 1��\ �� EF. Y��. ���c� 1��\ �� EF. -#� ?5B� �@�W

YT = T0 exp(μθ) m��.�� ���c� �&�B� �
@\ =�

�D
 UW =� ��2 �� �!��0 �
 ����� �
 
� �� =. �9� 
̂ #@� m2 
 m1 	
�J 
� (9Q
 �R�
U�W�@L�� Y-#� �
@�S ?
 �2�� ��`!#� ?&� U
 #� Y����: � �� n<�(o �
 52 Y�����2
�� �� � 
 � � ?
 � � C
 � 5;D� 
 � � 	
�J �� � � &� � � YU &�
S -#� = � �� � W	�J 1
 � ! 2

 �� ?
 �� ���#�B� �
 
��� �-*�� ����� 
 �� ?
 �� �.�5;D� $@I YU��. �2@PUFI
	
�J -*�� Uj� �`&� �W%&�'� ?&� �� xP Y�@2 ����� $
 ��L�I r
 6�� =. -*�� �����
Q�R� ?&� �� Y-#� �5& �� �
 �J=BW �� EF. �
 
��� ?Bd �� Y�2�� ���=I �����

http://staff.alzahra.ac.ir/aghamohammadi

https://www.youtube.com/channel/UCFGDlcj-NiSA_o4AeVtfkSg



�+� ,���5�

xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx

xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x

x1

x2

m1g

m2g

T

T

�9 J� �$1 �� ."��1 �� �@ m<�( �52


 -*�� UW �� �'!*� ��_ 
� ?&� -
 .� ��� U��. �#��� �� ��_ 
� -
 .� U�W�@L��
?�&�P -
 B# =� �� x �
@�� 
 ����� K
.�� �� �g�:� Y���� �@J
 �W$S �
 �W$�5� ?
 �� ��� ,&

xP Y-#� -��0 �� Q
 @\ YU&�����

x1 + x2 + πR = l, n21o

=X�! � U&��`� k!F� �� � 
� =;��� ?&� �� ��� Y-#� ����� f
 ��2 R 
 �� Q
 @\ l =.
�@2��

ẍ1 + ẍ2 = 0. n22o

U�*&@��� �W 	�J �� ,&�W �
 ��� �� ?�@�� $
 @���

m1g − T = m1ẍ1,
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m2g − T = m2ẍ2. n23o

-
 B# =� =. -:R� -
 jJ =� =J@� �� �� �W
��� �
 �]�� �& -:R� ��W-�a6=. ���. =J@�
�@2�� =X�!� [�� �
 �W=G����
��  
 n22o �
 �� �� ���]!#� �� YU&�=!2@� U&�=!"�� ?�&�P

ẍ1 =
(m1 − m2)g
m1 + m2

,

T =
2m1m2g

m1 + m2
. n24o

�W 1
 �!2 U�W�@L�� YU&���� [�� A 1
 �!2 �� �� �:� �
 =��*� �

@�S ?
 �2�� (10Q
 �R�
�� 7�8!9�
�g�:� ���?&� Y����:� �� n�>�(o �
 52 YU&�
S -#� =� �� �W	�J �� ,&

 �x2 �x1 %���� =� �� ?��� �� ����� K
 .�� 
 m2 �m1 �
 �W	�J �
 =�D�" 
 ?��� �
 
�

xP �-#� -��0 �� Q
 @\ YU�W��� $�F� X

X − x1 + X − x2 + πR = l. n25o

�@2�� =X�!� U&��`� k!F� ��� 
� =;��� ?&� �� ���

2Ẍ − ẍ1 − ẍ2 = 0 n26o

�
 52 =� �� n26o �
 =;��� Y-#������ 1
 �!2 Ẍ = A =.

ẍ′
1 + ẍ′

2 = 0 n27o

-�� Y-#� ����� =� -:*� mi 	
�J 1
 �!2 ẍ′
i := A − ẍi =. U�*&@�� U���@��� UW

�W 	�J �� ,&�W �
 ��� �� ?�@�� $
 @��� Y-#� n22o �
 =;��� =
 �:2 n27o �
 =;��� =. ���.
U�*&@���
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T − m1g = m1ẍ1,

T − m2g = m2ẍ2. n28o

-
 B# =� =. -:R� -
 jJ =� =J@� �� �� �W
��� �
 �]�� �& -:R� ��W-�a6=. ���. =J@�
�@2�� =X�!� [�� �
 �W=G����
��  
 n26o �
 �� �� ���]!#� �� YU&�=!2@� U&�=!"�� [��

ẍ1 =
(m2 − m1)g + 2m2A

m1 + m2
,

ẍ2 =
(m1 − m2)g + 2m2A

m1 + m2
,

T =
2m1m2(g + A)

m1 + m2
. n29o

�2�� ������ ���� �
 =;��� =. �!�
 �� -#� ���� �
 
��� ,& EF. =.?&� =� =J@� ��
�
 
��� �@2 ���P �& �2O �� aZ R� �
@2 =!*52 ��� �!�6 =� ��� Y-#� -:R� i���'�

Y�@2�� �]D K�� ����

 m2 ?
 �� C
 �5;D� %
 &�d Y-#� ���!*&� m2 	
�J �
 
� m1 	
�J =� ���" (11Q
 �R�
e�" Y-#� μ �m2 
 ��" ?&� �
 �P ?
 �� C
 �5;D� %
 &�d YU&����� K�I�� �� ?���
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U���:� Y����:� �� n���(o �
 52 Y-#� m2 �
 
� E&�W�P �� �5& ���� ���@BW ���.

� � &S aZ D� Y�F5� K�� 1��\ �� �� $S 
 �
�� ��� m2 �
 
� ���@��� �@\=I ��" ?&�

��F5� �� 1��\ ���@���
�����'� �W	�J 1
 �!2 ��2�� -��0 �� Q
 @\ 
 �2�� ���F. 1��\ =. ���@D ��

�� -#� 7��:6 ��`!#� ?&� �
 ��� ?�@�� $
 @��� Ya2 + a1 = 0

f − T = m1a1,

−f − T = m2a2,

N − m1g = 0. n30o

=� f %
 * �� �W1�!2 
 �� E
 F. ��W1�!2 ?
 �� �
 �� 
 [�� �
 �W=G���� �� ���]!#� ��
��&S�� -#�

a1 = −a2 =
2f

m2 + m1
,

T = f

(
m2 − m1

m2 + m1

)
. n31o

C�5;D� xP �-#� ?.�# m2 A
 ;# = � -:*� � P w
 . ?!2��� � 	�� �� $@I ���
�J?&� �� Yf = μN =. -#� �!�
 1�!2 ?&��E�� Yf ≤ μN 
 -#� �&�!*&�

a1,max =
2μm1g

m2 + m1
,

T = μm1g

(
m2 − m1

m2 + m1

)
. n32o

�� =. �� T �2�� m2 < m1 ��� Y�@F� �2 �� =. -#� -#�� �\�2 =� 1�@J ?&� ���
�
 
��� ���@��B� 1��\ ��&� �
���� ���� =. -#� �]�� �&S�� -#� =� [�� �
 =;���
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Y-*�� ������ �W1�!2 ?
 �� K�� ���� 
 �T = 0 -G� ?&� �� xP Y��. �B�� �� ���F"
��&S���� �&� 7
 �@D =� ?�@�� �
 �W=G����

f = m1a1 ⇒ a1 =
f

m1
,

−f = m2a2 ⇒ a2 = − f

m2
,

f ≤ μN = μm1g. n33o

-G� ?&� �� Y-#� a1,max = μg �2� � = !2�� � ��@ ��� �� " = . � �� !2 ? &� �E� �
Y-#� ���'� ?&��E�� K�� m2 1
 �!2 �
 ������

|a2,max| =
μm1g

m2
n34o

=. =��F� �
 ����� 
� 
̂ #@� n���(o �
 52 k
 ��;� m3 
 m2 �m1 	
�J =# (12Q
 �R�
C
 �5;D� �� Y�����2 �D
 UW =� -#� M 	
�J =� 
 C��!� ��`&� 
 ?.�# �5&
�� ,& �W 1
 �!2 U�W�@L�� YU��.�� �2@PUFI �W�� 	�J ?��IUW 
�W����� 
 �� ?��
UW =� �� 
� 
̂ #@� �W	�J =.?&� �
 \�L =� =��*� ?&� �� YU&�
S -#� =� �� �W	�J
�� ���7��:6 �W��� Y���� �@J
 �� 
� Q
 @\ $
 �@�-��0 =� l@��� ��� 
� ������2 �D


x1 + (X − R) + πR = l1, ⇒ a1 + A = 0

x2 − X + x3 − X + πR = l2, ⇒ a2 + a3 − 2A = 0, n35o

�W����� f
 ��2 R 
 �W�� Q
 @\ li �C��!� �
 ����� 1
 �!2 A ��W	�J 1
 �!2 �W ai =.
�@2�� ?�@�� $
 @��� YU&����� T2 �� 	
� �
 � �� EF. 
 T1 �� Q
� �
 � �� EF. Y-#�
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m1g − T1 = m1a1,

m2g − T2 = m2a2,

m3g − T2 = m3a3,

2T2 + Mg − T1 = MA. n36o

������ $
 �
 $S �� ���
 �
 �W
��� Y-#� C��!� �
 ����� �
 ��� ?�@�� $
 @��� �LS �
 =G����


̂ #@� =. -#� �FF. �
 
��� 
 �@2�� ���
 $S =� 
� �
 � 
̂ #@� =. �FF. �
 
��� 
�
�W1�!2 ?
 �� ���� �
 =;��� 
� �� ���UW =G���� ��jI ?&� Y�@2�� ���
 $S =� Q
� �
 �

 �T1 �A �a3 �a2 �a1 Q
 @jX� E2 $�@��� $S �� ���]!#� �� =. �@2�� =G���� E2

Y��
S -#� =� �� T2

-��0 �
 ����� ,& 
 M2 
 M1 �
 �W	�J =� C��!� �
 ����� 
� 
 m 	
�J �� (13Q
 �R�
-#� =� �� �W����� 
 m 	
�J 1
 �!2 ��&��� YU&�=!L�# n�(�(o �
 52 k
 ��;� �W�`!#�
U&��� �� Q
 @\ �
 ��� ���� �
 =;��� ,& �j�� ?&� �� ��� 
 �� ,& =��*� ?&� �� YU&�
S

x2 + x2 + x1 + x1 − x2 = -��0, ⇒ a2 + 2a1 = 0. n37o

	
�J Y-#� $�#,& �� �
 �J=BW �� EF. �
 
��� U��. �2@PUFI UW �� $
 �
 �� ���
,& �
 R� U���@��� �� =6@BX� ?&� Y-#� �5& $�21
 �!2 
 ���:*I M1 �
 ����� =� m

�� -#� 7��:6 M2 �
 ����� 
 =6@BX� ?&� �
 ��� ?�@�� $
 @��� YU&��`� �T� �� U*J

mg + M1g − 2T = (m + M1)a1

M2g − T = M2a2. n38o

-#� =� a2 
 a1 �T Q
 @jX� =# �n37o �W1�!2 ?
 �� �
 �� 
 =G���� 
� ?&� �� ���]!#� ��
%G�J �2�� �2@PUFI �
 ��� 
 ,I@. ���L �W����� 	
�J =. �D�L -
 G� Y��&S��
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 θ̇ = ω 
 r = l sin ϕ�
 ��V`&�J

� cos ϕ =
g

ω2
. n53o

Yϕ → π/2 �ω → ∞ �
  �� Y�L�I�� ���[�� A
 ;# �� ��
S �@2 ��q�K� ω =I �W
�G
 ���� �`!*� ω =� =�D�" ?&� =. U������ Y-#� w'# �� ��
S �
 =�D�" � cos ϕ

��WQ@\ �� ��
S ���&� �
 ���� ��� ?&� �� ��� Y-#� ��
S Q
 @\ 
 =G@�� 	
�J �� �'!*�
f
 �]��� �� =BW U���L��� $�#,& �
 ��=&
�� -
 6�# �� �� 7
�]!� �
 �W=G@�� 
 w�!9�

Y����:� �� n�<�(o �
 52 Y���.�� $��
� w'# �� ���#,&
,& =� l Q
 @\ =� �� 
� ^#@� n�>�(o �
 52 k
 ��;� m 	
�J =� ����_ (15Q
 � R�
=� Y���.�� $��
� ω �
 ��=&
�� -
 6�# �� m 	
�J 
 �@�� Y-#� ��2 �D
 �@��
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m

φ

φ

�ω

l

l

�15 J� �$1 �� ."��1 �� �@ m���( �52

��@2�� �2O ���&�P �
 � �ω �
 ��=&
�� -
 6�# �� ��&��'� =I �
 ���
Y��. -.� r = l sin φ f
 ��2 =� ����&�� �
 
� �&�� m ��@F� �2O �� =. $S �
 ���
p
 BJ Y�&��`� T2 �� �&[�� �
 � E
 F. 
 T1 ���&�P �
 � E
 F. Y���B� -��0 �&�� K�� φ

Y�2�� �]D �&�� U)�� �
 �!#�� �� �W
���

T2 cos φ − mg − T1 cos φ = 0. n54o

�� -#� 7��:6 �6��2 �
 �!#�� �� ?�@�� $
 @���

− T2 sin φ − T1 sinφ = m(r̈ − rθ̇2), n55o

YU�#��� �&� �
 =;��� =� θ̇ = ω 
 r = l sin φ �
 ��V`&�J �� =.

T2 sin φ + T1 sin φ = ml sin φ ω2. n56o

Y�&S�� -#� =� �T1 ����&�P �
 � E
 F. ^��
 � ?&� �� ���]!#� ��
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T1 =
m

2
(lω2 − g

cos φ
). n57o

U��. w&��� ��� xP ��2�� T1 ≥ 0 �&�� �@F� �2O �� =. $S �
 ���

ωc :=
√

g

l cos φ
, n58o

Y�@2�� �2O �� ωc �� ��,I@. �
 �W��=&
�� -
 6�# �
 ��� =� =. U������
?
 ���@� �� ���]!#� �� UW 
 ������ �
 ���� i
 
� =� UW �� =��*� ,& ��&��� [� 

YU��. � ?�@��
��L� �
 �W-�B. YU&�
S -#� =� �� ���# �
 �
S ,& $
 �#@� �
@&�P U�W�@L�� (16Q
 �R�
g E���� -
 ��0 �l ��
S Q
 @\ �m ��
S 	
�J [Z �B! � �τ ���
S �
@&�P KJ =� =��*� ��
�m �τ �� =. -#� �"�. xP Y-#� ���O�� Π1 = θ0 Y-#� θ0 ��
S �
 =�G
� �
 =���� 


YU&��*� ��`&� ���O�� �
 �W-�B. �& -�B. g 
 �l

Π2 = mαgβlγτ δ. n59o

?&� �� ���

[Π2] = Mα(LT−2)βLγT δ n60o

xP Y�2�� ���O�� �&��

α = 0, γ = −β, δ = 2β. n61o


 θ0 �
 '!*� �
 ��O�� -
 �B. 
� Q�R� ?&� �� Y-#� ���O��
gτ2

l
�& (gτ2

l
)β -
 �B. ���&

xP YU&��� �� gτ2

l
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mg

ϕ �

����� h� �/[ m���( �52

gτ2

l
= f(θ0) ⇒ τ =

√
lf(θ0)

g
. n62o

�2�� f(θ0) ≈ f(0) =.��@\ =� �2�� ,I@. ���L θ0 ���& $�#@� �
 =���� ���

τ = C

√
l

g
, C :=

√
f(0). n63o

�� �G
 ��W��B� C �
��'� �
�@� �� �6a\� ~�W ������ �
 ���� Y-#� ���O�� 
 -��0 C
=� �� =��*� ?�BW ��&��� [� YnC = 2πo �&S�� -#� =� $S �
��'� U�'!*� �
 =:#���
=� ���B*&� 
̂ #@� m 	
�J =� ��=G@�� n���(o �
 52 k
 ��;� YU��. � ������ �
@\
U)�� -
 G� �� ϕ0 �
 ������ =� �� ��
S Y��2 $�K&
S w'# �� �!��0 �
 =;'� �� � Q
 @\
Y��.�� -.� � f
 ��2 =� ��&�� �� ���B. �
 
� =G@�� YU��.�� �W� x�# 
 ���. y��L

��� �&� 7
 �@D =� �θ ��#�B� 
 �r ��6��2 �
 �W�!#�� �� ?�@�� $
 @���

−T + mg cos ϕ = −m�ϕ̇2,

−mg sin ϕ = m�ϕ̈. n64o
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mg
θ

N

�17 J� �$1 �� ."��1 �� �@ m�(�( �52

�� =]G@g � ?&� =. -#� �\�L ?&� =� mg sin ϕ �
 =]G@g � �
 �]�� -
 �a6 =. �&��� =J@�
��� =. -#� ��*���]&� �
 =G���� ,& n64o 	

� �
 =G���� Y-#� ϕ $
 ��. U. -
 jJ
��
S �
 =�G
� �
 =���� ��� Y��S�� -#� =� t %
 * �� ϕ U��. � �� $S U�!*��@���


̂ *� �� U���@��� �2�� ϕ0 � 1 $�&��� %
 * �� $S �
��'� ���& �2�� ,I@. ���L ϕ0

�@2�� ���# ���L [�� �
 �*���]&� �
 =G���� 7�@D ?&� �� YU��. ���]!#� sin ϕ ≈ ϕ

ϕ̈ = −g

�
ϕ ⇒ ϕ = ϕ0 cos(

√
g

�
t). n65o

Y�@2�� τ = 2π

√
�

g
��
S $
 �#@� �
 ��
� �J?&� ��

�
 52 Y-#� ?.�# �! �� 0 �
 �� .U � � ��=;' � ? &� �[� � �� �5I@. U
 *J (17Q
 � R �
=. �5I@. Q
a!L� �� Y-#� �����P� � -G� ?&� �� ��_ Q
 ���� Y����: � �� n�(�(o
?
 �� C
 �5;D� Y�&S�� ?�&�P 
 �KcG�� ��.U�� �
 
� U*J ���� �@J
 ^��� �� ���
UW
��.U�� A
 ;# �� U*J �$��S ?�&�P ?
 � �� YU&����� K�I�� �� ��.U�� A
 ;# 
 U*J

YU&�
S -#� =� �� �@2�� ��J ��.U�� �� U*J =. �&�J U�W�@L�� Y�@2�� ��J
?&� Y���� �5I@. �
 =� G
� -
 6�# ��@L�� K� G ��.U� � �
 [�� �� U*J =. �!�

�� $@I Y� ��=� ]D ,& �� =B W A;# �
 ��@B6 �
 
� � � 
 $�
 �
 
� � � �-6�#
�
 =T�G �� U*J -
 6�# ����=�]D,& �� U*J 1
 �!2 UW 
 -6�# UW Q
� �
 =T�G
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-.� �
 =�]D =. =�]D ?�BW �� U*J -
 .� xP Y-#� =�]D ?�BW �� UW ���
U*J -.� �
 ��� ?�@�� ?
 ���@� Y-#� ����O
� Q@D[���6 -.� 
 ������ -#�

�� ��� 7��:6

N − mg sin θ = −m
v2

R
,

−mg cos θ = m
dv

dt
. n66o

p
 ��� θ UW 
 v UW 	
� �
 =G���� �� Y��&S�� -#� =� θ 
 v %
 * �� N Q
� �
 =;��� ��
-
 6�# Y-#� N = 0 =. -#� �&�J �@2�� ��J A;# �� U*J =. �&�J Y���$���
�
 =G���� �� 7�@D ?&� �� Y�&��`� θ1 �� =&
�� 
 v1 �� A;# �� $�2��J $
 ��� �� U*J

U&��� n66o Q
 
�

v2
1 = gR sin θ1. n67o

Y�W��� �� =� ���6a\� =I ����.� 1
 @I��I �� ?�@�� ?
 ���@� U���:� ��&���

N cos θ = mẍ,

N sin θ − mg = mÿ. n68o

���& �-#� =;'� ?&��[�� �� U*J =. ��=T�G =. U������ n68o Q
 
� �
 =G���� ��
1
 �!2 �W�J?&� �� Yẍ = 0 -#� N = 0 =. U*J $
 �2��J $
 ��� �@\?�BW 
 θ = π/2

�
 =]G@g � 
� �W 
 -#� ���1�!2 U*J -
 .� l�'� �
 =�'� �� ��� Y-#� ��@B6 U*J
?
 � � �
 =;��� �� =. -#� 	�[ U&�
S -#� =� �� θ1 =.$S �
 �� � Y� ���]D�
 �H 1�!2
�&S�� �� �&� 7
 �@D =� n66o 	

� �
 =;��� YU��. ���]!#� �v = Rθ̇ ���& �θ̇ 
 -6�#
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θ̈ = − g

R
cos θ. n69o


� =. -#� �"�. =G���� ?&� �
  �
 ��� YU&��#� θ �
 ��� ��*���]&� �
 =G���� ,& =�
U��. 1�d θ̇ �� �� $S v
 �\

θ̇θ̈ +
g

R
θ̇ cos θ = 0 �& d

dt

(
θ̇2

2
+

g

R
sin θ

)
= 0. n70o

��_ -
 6�# =� UW 
 $�5� =� UW Q@D[���6 =. U&��
S -#� =� �!�B. �� i
� ?&� ��
=� =. �K�I �&� U�W�@L ���&S �� Y-#� -��0 i���'� -.� �
 . �� �G
 ���� �`!*�

7�@D �W �� Y-#� �M��� �� %#��!� U&��
S -#�

θ̇2

2
+

g

R
sin θ = -��0 = g

R
. n71o

-.� �
 �� ! �� �� YU &�
S�� -#� = � -.� �
 �� ! �� 7
 � 6a\� �� �� - �� 0 �
�� ' �
�� -#� 7��:6 $�2 ��J $
 ��� �
 ��� -�B. ?&� xP Yθ̇ ≈ 0 
 θ = π/2

θ̇2
1

2
+

g

R
sin θ1 =

g

R
⇒ v2

1 = 2gR(1 − sin θ1). n72o

�@2�� =X�!� n67o 
 =G���� ?&� %
 �.�� ��

sin θ1 =
2
3
. n73o

Q
 
� �
 =;��� �� ���]!#� �� Y�@2�� ��J ��.U�� A
 ;# �� =�G
� f
 �]��� 2/3 �� U*J xP
YU&�
S -#� =� �� N(θ) U���@��� n71o 
 n66o

N(θ) = mg(3 sin θ − 2). n74o
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���=I ��_ 1
 � !2 $�2��J �� xP �-#� ���=I $�2��J �
 =T�G �� ��_ 1
 � !2
Y���. U#� �� θ %
 * �� ��_ 1
 �!2 �
 ������ �
��@B� ?&�B� $
 �@�6 =� �-#�

,89�	�: ;	 2<�
< �� 1�2�� #	 2�
� =�'

-9G 1
 @I��I w&��� ��@2�� ����� � ?�@� � Q
 
� $
 @ �� � =I$S �� �F9� =. U&�&�
�� Y��.�� h�D $S �� ?�@�� Q
 
� $
 @��� =. -#� ��@I��I �-9G 1
 @I��I Y-#�
-9G�
 �H �
 �W1@I��I �� �-*�� -&�0 ���S �
 ��_ -
 6�# -9G�
 �H �
 �W1@I��I
�� ?�@�� 	

� $
 @��� ��&��� Y-#� ���1�!2 E!.� �-*�� �&
��� �
 �0�g� -
 �� =. ����_
-
 9G�
�H 1
 @I��I Y����:� �� n�+�(o �
 52 YU��. �#��� -9G�
�H 1
 @I��I ,& ��
����_ $
 �5� �
���� Y-#� �G�'!�� -
 .� �� S -
 9G 1
 @I��I =� -:*� A 1
 �!2 �� S′


 �a �� 1@I��I 
� =� -:*� ��_ 1
 �!2 Y-#� r′ 
 �r 1@I��I 
� ?&� �� �m 	
�J =�
7�@D?&� �� Y�&��`� a′

a = A + a′. n75o

�� ���]!#� �� Y-#� F = ma xP Y�@2�� ���
 F �
 
��� m 	
�J =� ���. e�"
�@2�� =X�!� n75o

F − mA = ma′. n76o

�2�� �:!�� ?�@�� 	

� $
 @��� -9G�
 �H 1@I��I �� =.$S �
 ��� U������ =. �@\?�BW
?&� =� YU&��`� �T� �� UW �� −mA ��"�d� �=�BJ ����
 �
 �W
��� �� �
a6 �&��
Y�@2�� =!]� �!9G �
��� �& ���X� �
 
��� �W�� ���� 
��� �
 ��O =. �"�d� �
 =�BJ
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^'" =.�� -*�� ^��� �� U*J E
 �.UW�� �� �2�� ���X� �
 
��� =. U&��� =J@�
$
 @��� �� ���]!#� �
 ��� 
 -#� -9G�
 �H �� �
 ���9!�� 1
 @I��I =. -#� ?&� �� �2��
�� �F9� =�BJ ?&� YU��. ="�d� $S =� �� −mA �
 ����8� �=�BJ �&�� ?�@��

Y��2 ���
S �I -
 B# =� =. �@� 1�!2 ��1�d 	�J �
 =�BJ
-9G 1
 @I��I �� aZ :� �� �@2�� ���� [� � A 1
 �!2 � � =. ��
@�S ?
 �2�� (18Q
 �R�
YU��. � -9G�
 �H 1
 @I��I �
 &� �� �� =��*� ?�BW U�W�@L�� [� YU&��. � 
?
 �2�� =�:2 =��*� ��
��� [�� A 1
 �!2 �� ����� �
��UW =. �!9G�
 �H 1
 @I��I ��
�
 
��� 
� ��� E
 F. 
 $�
 �
 �W
��� �� �
a6 =. 7
�]� ?&� �� -#� �G@B�� �

@�S
-9G�
 �H 1
 @I��I ?&� �� Y� �@2�� ���
 	�J 
� = � −m2A 
 −m1A �
 ���X�

-#� �&� 7
 �@D =� U*J 
� 1
 �!2 ?
 �� �
 =;���

ẍ′
1 + ẍ′

2 = 0 n77o

U&��`� �T� �� K�� �� ���X� �
 �W
��� �&�� ?�@�� $
 @��� ?
 !2@� ��
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x′
1

m2

m1

x′
2

A

�18 J� �$1 �� ."��1 �� �@ m�3�( �52

T − m1g − m1A = m1ẍ
′
1,

T − m2g − m2A = m2ẍ
′
2. n78o

aZ R� =. 7
�]� ?&� �� -#� ���6 �

@�S ?
 �2�� =� l@��� 7
 [���� =
 �:2 7[���� ?&�
�� U� ��@ ��� 7�@D ?&� �� Y�2�� m1(g + A) �m1g ��J =� $�
 �
 
�� � m1 �
 ���

YU��. ���]!#� n24o

ẍ′
1 =

(m1 − m2)(g + A)
m1 + m2

,

T =
2m1m2(g + A)

m1 + m2
. n79o

�� -#� 7��:6 a �-9G 1
 @I��I �
 &� �� m1 1
 �!2

a = A + a′ = iA − iẍ′
1
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θ
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a = A − ẍ′
1 = A − (m1 − m2)(g + A)

m1 + m2

=
2m2A + (m2 − m1)g

m1 + m2
n80o

=� �*� 
 ���@ � � !#�� ,& �� U*J 1
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∑
i Fi,ext ��. �
 �J��L �
 
���

Y��.�� -.� -#�� �;L �
 
� -��0 -
 6�# ��
,& 	
�J K
 .�� $
 ��. ���P �
 ��� �-#�X. -L�@�,& �
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∑
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mvv̇ − Fv = 0, ⇒ d
dt
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1
2
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)
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1
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mv̇ = F. n7o
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 �d v �� �� =;��� ?&� v
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mv · v̇ = v · F, ⇒ d
dt
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1
2
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7
 �@D =� n2o �
 =G���� 7�@D?&� �� Y-#� $�5� �� ����� ^'" ��&S�� �
 
��� U��.

Y�&S�� �� �&�

mvv̇ − F (x)v = 0, ⇒ d
dt

(
1
2
mv2

)
− F (x)

dx

dt
= 0. n9o

U��. w&��� �&� 7
 �@D =� �� ��*��!P �
 �M��� ��� [� 

dU := −F (x)dx, �& F (x) = −dU

dx
. n10o

�-#� =!*&�P -
 �B. ,& �5���5� �
 �M��� UW ��� =. U������

d
dt

(
1
2
mv2 + U(x)

)
= 0, ⇒ E = K + U(x) = -��0. n11o
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 a!L� =.$S $
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�� YU��. ="�d� ������ ,& =� �� l�'� �
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 �*��!P =. U&��� �� ����S ?&� �� �`&�
?��� � �� ��*��! P
�g�:� �� �]D aZ R� ?
 ��� �
 �*�� ! P �
 �M��� � � =;'� ,& 1
 �9!��
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UW Q@D[���6 ��2�� $�5� p
 ��� ^'" =. ������O,& �
 �W
��� �
 ��� YU��.��

U&��� �d�&� $
 ��� =� YU��. ���P �� U(x) U���@���

U(x) − U(x0) = −
∫ x

x0

F (x)dx. n12o

�'!*� ��6 ?&� �
 ������ YU�W��� -:*� ��6 ,& �N" �� =;'� �W =� 7�@D?&� ��
x � � x0 �� ��_ �
 �&�J= ��J �� F (x) �
 
� � � =. ���. Y-#� -.� �
 =I�&�� � ��

YU��.�� w&��� �&� 7
 �@D =� �� �W��� 	�X��

WF (x) :=
∫ x

x0

F (x)dx = −ΔU(x). n13o

��!*&�P �
 
��� �U��. w&��� ��*��!P �
 �M��� �W$S �
 ��� U���@� �� =. �&�W
��� =�
x �� x0 �� ��_ �
 �&�J=��J �� F (x) �
 
��� =. ���. ��!*&�P �
 �W
��� �
 ��� YU�&@���
�`!*� -.� �
 �&�j!�� 
 ��!�� l
 �'� =� �j�� 
 -#� ��*� �� �'!*� ��W��� 	�X��
�j�� x �� x0 �� ��_ �
 �&�J=��J �� $�2 �
�. =. ��!*W �W
��� �� �`&� ��=!#� Y����
· · · 
 $S 	
 �X�� $
 ��� �-.� �
 �*� =� 
 -*�� �&�j!�� 
 �&��!�� l
 �'� $
 �5� �� �����
��!*&�P �
 �H �
 �W
��� �
 ��� Y��!*W ��!*&�P �
 �H �
 �W
��� �W
��� ?&� Y���� �`!*�
�
 �W
��� YU�W� -:*� ��*��!P �
 �M��� ?
 ��� �
��'� ,& �N" �� =;'� �W =� U���@��B�
C�5;D� �
 
��� Y��!*W ��!*&�P �
 �H �
 �W
��� F (v, t) �
 R� -6�# �& �$��� p
 �� �
����� ��*� =� �`!*� E!jJ �G
 �2�� -��0 i������� -#� ?5B� ��I �W �F:�J
?&� � � � � � Yf = −f0

v
v
�-#� U*J s
 �B � �
 =;' � -
 6�# -
 jJ x
 56 ���
UW 
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Y-#� ��!*&�P�
�H �
 
��� �F:�J C
 �5;D�
m 	
�J =� ��" =. �&
��� Y��2 �D
 k �
 �!9# %
 &�d =� ���" =� m 	
�J (1Q
 �R�

�� -#� 7��:6 
��� ?&� =� l@��� �
 �*��!P �
 �M��� Y-#� F = −kx ��.�� ���


U(x) − U(x0) =
∫ x

x0

kxdx =
kx2

2
− kx2

0

2
. n14o

���. e�" Y�@2�� ?���� ��,& �
@\ =� ��*��!P �
 �M��� ���*��!P
�g�:� ?
 ���� ��
xP YU&��`� ��*��!P
�g�:� �� �-#� ���F" =� 
 ���F. =� ��" =. �&�J ���& �U(0) = 0

U(x) =
kx2

2
. n15o

?�@�� $
 @��� ���O=# ��

mv̇ = F(r). n16o

=� U�#��� �U��. ��L�� 1
 �d v �� �� =;��� ?&� v
 �\ 
� ��� Y-#�

mv · v̇ = v · F, ⇒ d
dt

(
1
2
mv · v

)
− F(r) · dr

dt
= 0. n17o

�
�*� �� r �� r0 �� ��_ �
 �&�J=��J �� F(r) �
 
��� �
�. ���O=# =� [�� t
 &�!� U
 �B�� �
 ���
U��.�� w&��� �&� �
 =;��� �� C U
L

WF(r) :=
∫ r

r0

F (r) · dr. n18o

Y������ �� �� �� U&�@� =!"�� �T� �� aZ :� =. �� �D�L �
 �W-G� �
 =BW w&��� ?&�
�&�j!�� 
 �&��!�� l
 �'� =� �j�� =� ��_ �
 �&�J=��J �
 ��� F(r) �
 
��� �
�. Q@D[���6
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�. ��L �&�W-G� �� ��� Y���� �`!*� UW C �
 �*� =� =.��
U���@��� ���@� ?&� �� Y���� �`!*� �&�j!�� 
 �&��!�� l
 �'� =� �j�� ��_ �
 �&�J=��J
7
 �@D =� �� ��*��!P �
 �M��� 7
 ����c� YU��. w&��� ��*��!P �
 �M��� �W
��� ?&� �
 ���

U��.�� w&��� �&�

dU := −F(r) · dr �& U(r) − U(r0) = −
∫ r

r0

F (r) · dr. n19o

��*�� ! P �
 �M� �� 
 �� . [� � w
 &�� � k
 ��;� � �� -#� ����� � �! �B. 
� � � � �I �W
=DaL �
@\ =� 
 -6�# �$��� p
 �� � �
 �W
��� Y��!*W �G�5#� �& ���6 �
 �W-�B.
�� Y��!*W ��!*&�P�
�H �
 �W
��� ����� �`!*� -.� �
 =I�&��� =� =. �&�W
��� �
 =BW
?&� ���O,& �� E�� �� ��� ������!*&�P ��!*W $�5� p
 ��� =. �&�W
��� �
 =BW ���O,&
�� $�2Q
 ��`!�� ���!*W F(r) �
 52 =� =. �&�W
��� �� �N�� ���& �-*�� -#�� =�N�
p
 ��� �
 �W
��� ?&� Y���� �`!*� ��*� =� UW 
 �j!�� 
 ��!�� l
 �'� =� UW r �� r0 �
 =;'�
Y-#� =!*&�P �5���5� �
 �M��� �2�� ��!*&�P ��&S�� �
 
��� ��� Y�����!*&�P�
 �H UW $�5�
F (r) = −kr ���$�#UW �
 ����O=# �
 �WSUW �
�$�#@� ,& =� l@��� �
 
��� (2Q
 �R�


��� ?&� =� l@��� �
 �*��!P �
 �M��� Y-#�

U(r) =
∫ r

0
kr · dr

=
∫ r

0
krdr =

kr2

2
. n20o

=J@� YU&�=!"�� ��*��!P
�g�:� �� r0 = 0 
 U&����. ���]!#� er · dr = dr �� �J?&� ��
YU��. =:#��� r �� �g�:� �� ���*� =I �� �� Q��`!�� -*�� Uj� =. �&���

��. w
 &��� $�BW �� ��&��� �U��. w&��� =�@�=I �� ��. U�2�� =!2�� 
��� ��I ���
w&��� n18o �
 =;��� ���& ���&S�� �
 
��� �
�. =
 ��F� �� 
��� �W �
�. YU��. ���]!#�
��@2�� �W
��� ,
 �,� �
�. p
 BJ ��&S�� �
 
��� �
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��� �W ��. =. $S �& �U��. 1�* �� ��. x�# 
 �W
��� �
 ����� p
 BJ �&�� �& ���&
YU��. ���6 p
 BJ UW �� �� �W$S 
 U��. 1�* 

WF1+F2+··· = WF1
+ WF2

+ · · · . n21o

�
 =6@BX� ?&� �
 ��� U���@��� ���2�� ��!*&�P �W$S �
 =BW =. U�2�� =!2�� 
��� ��I ���
�
 �*��!P �
 ����� �
 ���6 p
 BJ -�B. ?&� YU�*&@�� ��*��!P �
 �M��� ,& �W
���

Y-#� �W
��� ,
 �,� =� l@���

UF1+F2+··· = UF1
+ UF2

+ · · · . n22o

�.
+" ) ��	 �� /*0 �
�
1

7
 �@D =� $�@��� �� n17o �
 =G����

ΔK = W. n23o

&��� �� ��� 
��
� �)�2� �� �K
�� =� �
**>+ =. -#� ?&� [�� �
 =G���� �� ����� Y-2@�

� =� �� ��. ���2�:� ��!*&�P �`&� �F9� 
 ��!*&�P �W
��� �� �F9� ��� C�2�%
� �� "
*�

YU��.�� U�*'� �Wnc ���!*&�P�
 �H �
 �W
��� �
�. 
 �Wc ���!*&�P �
 �W
��� �
�. E
 9�
�� YWc = −ΔU xP �U��. w&��� ��*��!P �
 �M��� U���@��� ��!*&�P �
 �W
��� �
 ���

�@2�� =X�!� �J?&�

ΔK = Wc + Wnc, ⇒ ΔE = ΔK + ΔU = Wnc. n24o
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 �R�
���F. �0 �
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 �
 �W
��� �U��. �2@PUFI C�5;D� �� ��� YU��.�� �W� �� U*J x�# 
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 �N A;# �
 ��@B6 �
 
��� �mg U*J $
 �
 �U*J
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 �
 �W
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 -#� ��!*&�P ��" �
 
���

Y-#� =!*&�P �5���5� �
 �M���

E =
1
2
mv2 +

1
2
kx2 =

1
2
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0. n25o

?&� �� ��� Y-#� −�0 �@2�� ?.�# =. �&�J ?�G
� Y��.�� $�#@� =� f
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 �0 ?
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 �� �
 �F:�J 
 �&�!*&� C
 �5;D� %
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 �g �m �μ � � Y-#� f = μN = μmg C�5;D� �
 
� � � YU &� � ��� μ �� K � � 


U&��*� Q@\ �
 ��O �� �!�B. U���@���

ε :=
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k
. n26o

����� �5���5� �
 �M��� �
 ��c� 
 -*�� =!*&�P �5���5� �
 �M��� C�5;D� �
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�W� �� U*J x�# 
 �@2 ���F. �0 �
 ������ =� ��" =.��@\ =� U�F.�� �� U*J
?5B� -G� ��I YU&����� �1 �� �@2�� �]D U*J -
 6�# =. �&�J ?�G
� YU��.��
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�� ��" �
 
��� -G� ?&� �� Y������ E&�J �
 # =. ��2 ���F. U. ���$S ��" nwG�
Y-#� ��,I@. �&�!*&� C
 �5;D� �
 
��� �
 =��F��

k�0 < μmg ⇒ �0 < ε. n27o

=� �G
 ��. -.� U*J =. ��@\ =� U�F.�� �:� -
 G� �� ��E�� �B. �� ��" n1
xP ��@2�� ?.�# �1 �� Y�0 > ε xP ��.�� -.� U*J $@I Y�#�� �g�:�

1
2
k�2

1 −
1
2
k�2

0 = Wf = −μmg(�0 − �1)

(�1 − �0)(�1 + �0 − 2μmg

k
) = 0. n28o

Y-#� =�G
� $
 �5� =� l@��� �1 = �0 1
 �@J =. �&S�� -#� =� �1 �
 ��� 1
 �@J 
�
�� �&�� �0 ��W� �� -G� ?&� =.?&� �
 ��� xP Y-#� �1 = 2ε − �0 �`&� 1
 �@J

�2�� �&� �
 =� ��

ε < �0 < 2ε. n29o
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?.�# �1 = 2ε − �0 < 0 �� 
 �@2 �� �g�:� �� 
 ��.�� -.� U*J 7�@D?&�

-G� ?&� �� Y�@2��

2ε < �0. n30o

�
 ���� U*J =. -*W ���$S ��" �
 ����F. p��
 �� � & =� G
� �
 �M��� ���. e�"
�]D U*J -
 6�# =. �&�J ?�G
� Y�0 � ε ���& Y�2�� =!2�� -F��� 
 -"� ���&�
=���� E
 W�. ?&� Y�@2�� U. 2ε �
 ������ =� =���� �
 ������ Y�1 = 2ε − �0 ��@2��
,I@. ������ ?�BW =� =���� =� �� �W �� xP Y-#� =���� �
@L �
 ������ �� �'!*�
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� �� ��k��� �
 �:�� =� �& �$�#@� ?�G
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$
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�
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�

d2 = �0 − 2(2ε − �0) + �0 − 4ε = 4(�0 − 2ε) n31o

�� -#� ����� ��_ �
 �M��� �@2�� ?.�# ��� ?��
� �
 ��� =.����� Y-#�

E1 =
1
2
k�2

0 − μmgd1 =
1
2
k�2

0 − 4μmg(�0 − 2ε)

=
1
2
k(�0 − 4ε)2. n32o

?&� �� U*J =. �!"�*� Y-#� �N = (−1)N (�0 − 2Nε) �g�:� �� $�2 �� ��� N �� ���
���. �\ 7��
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dN = �0 − 2�1 + · · · + 2(−1)N−1�N−1 + (−1)N �N

= �0 + 2 [(�0 − 2ε) + (�0 − 4ε) + · · · + (�0 − 2(N − 1)ε)] + �0 − 2Nε

= 2N�0 − 4ε
(N − 1)(N)

2
− 2Nε

= 2N(�0 − Nε). n33o

�� -#� ����� ��_ �
 �M��� �g�:� �� $�2 �� ��� N �� xP

EN =
1
2
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=
1
2
k�2

0 − 4μmgN(�0 − Nε),

=
1
2
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 �5� �2 �� �g�:� �� ���
xP Y�0 = 65.3ε aZ R� U��K� ���6 Q
 �R� ,& ��&��� Y-#� dN = 2N(�0 − Nε) ���.

��2 �� �g�:� �� =:��� 32 =.?&� ��

�32 = (−1)32(�0 − 64ε) = 1.3ε. n35o

�� 
 �@2�� �� �g�:� �� U*J �-#� ε < �32 = 1.3ε < 2ε $@I

xf = �33 = −0.7ε. n36o
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 . Y�@2�� ?.�#
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